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ABSTRACT

1 Renderofarebar layout aligned

with the principal stress direc-
o ) ) ] ) ) A ] tions on a folded shell.
to mitigate the environmental impact associated with architectural surfaces built with

reinforced concrete. While digital fabrication and modern structural analysis tools offer

Reducing the consumption of carbon-intensive materials such as rebar steel is crucial

opportunities to decrease rebar consumption, new computational approaches to create
material-minimizing rebar layouts are required to effectively harness such potential.

This paper presents a computational method to generate rebar layouts aligned with

the principal stress directions on architectural surfaces. This method combines a rein-
forced concrete design module based on current structural engineering codes, and a
distance-constrained algorithm with adaptive seeding that iteratively traces evenly spaced
rebars that follow a structurally optimal force flow. After its application to a flat slab and a
folded shell, we demonstrate that the principal stress-aligned rebar layouts require up to
32% less steel than a single orthogonal rebar grid to resist an applied load.

Our work highlights the potential of integrating design computation and structural

engineering to advance research in the field of digital reinforcement, and to foster environ-
mentally-aware design practices.
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INTRODUCTION

Reinforced Concrete

Ranging from flat slabs to free-form shells, the breadth of
architectural surfaces built with reinforced concrete (RC)
highlights the relevance of RC as one of the most prom-
inent materials in the building industry (Figures 2.1 and
2.2). The inherent strength of RC, achieved by combining
the compressive properties of concrete with the tensile
capabilities of reinforcement steel, enables the design of
durable structures capable of spanning long distances and
supporting significant external loads (Addis 2015).

However, RC is also one of the most carbon-intensive
materials in the construction sector, and its use aggravates

current environmental concerns. The production of cement,

a key component of concrete, is responsible for approxi-
mately 7% of the global greenhouse gas emissions (Andrew
2019). The extraction, processing, and transportation of
other raw materials involved in the production of concrete
inflate its carbon footprint.

Fostered by advancements in computation, structural
optimization, and digital fabrication, the rising field of digital
concrete opens up possibilities to design material-effi-
cient structures by depositing concrete only where it is
structurally necessary (Wangler et al. 2019). By employing
technologies such as additive manufacturing, innovative
designs have been materialized, including 3D-printed
columns (Lloret et al. 2015; Anton et al. 2020), trusses
(Lowke et al. 2021), slabs (Jipa et al. 2019; Oval et al. 2023),
and bridges (Bhooshan et al. 2022), showcasing the poten-
tial of digital concrete to foster sustainability.

Digital Reinforcement

Although minimizing concrete consumption is crucial,
diminishing the amount of rebar steel in RC structures is
also necessary. The production of steel for construction
contributes to nearly half of the greenhouse gas emis-
sions of RC (Wang et al. 2007). In architectural surfaces
built with RC, like flat slabs, rebar accounts for up to 60%
of the embodied carbon (Miller et al. 2015). Therefore, the
growing progress of digital concrete should be comple-
mented with advancements in digital reinforcement
research (Asprone et al. 2018) to holistically curb the nega-
tive impact that RC surfaces have on the environment.

Promising efforts are underway in this direction. These
include the application of winded carbon fiber reinforce-
ment in slabs (Oval et al. 2020) and rebar cages that
dispense formwork for doubly curved surfaces (Hack
and Lauer 2014; Mirjan et al. 2022). We note that the
latter example still adheres to arranging rebar in a single

TOPIC (ACADIA team will fill in)
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2 Architectural surfaces built with RC:
2.1 Aflat slab in a multistory building

2.2 The curved roof over the Stuttgart 21 rail station

3 Robotically-fabricated reinforcement on RC surfaces:
3.1 Mesh mould prefabrication (Mirjan et al. 2022)

3.2 Reinforcement fibers deposition (Gantner et al. 2022)

4 The placement of seed points affects the quality of the PSDs integration:
4.1 Manual seeding

4.2 Adaptive seeding

orthogonal grid, akin to conventional on-site practices,
instead of fully leveraging the capabilities of robotic arms
to deposit materials along arbitrary directions with high
precision (Figure 3.1). In contrast, recent studies (Ma et al.
2020:; Gantner et al. 2022) have demonstrated the mate-
rialization of reinforcement layouts that follow the flow of
forces through digital fabrication techniques (Figure 3.2).

Principal Stress Directions

The principal stress directions (PSDs) encode an optimal
flow of forces in a structure. These directions represent
the local orthonormal basis of a state of plane stress where
axial stresses are maximized and shear stresses vanish
(Hibbeler 2017). Notable architectural works by Hecker and
Nervi (Hecker and Hecker 2009; Nervi et al. 2010) exem-
plify the benefits of aligning load-bearing material with the
PSDs at the architectural scale, as the alignment reduces
the amount of material required to resist loads (Pellis and
Pottmann 2018; Ma et al. 2020).

The integration of PSDs creates a network of curves,
known as the principal stress lines, which can be used

as the geometry of a material-minimizing rebar layout.
Such integration can be done analytically (Michell 1904)
or numerically with modern structural analysis tools
(Michalatos and Kaijima 2014; Preisinger and Heimrath
2014). However, the majority of such analysis tools are
designed for visualizing stress flow, and not for generating
rebar layouts that comply with distance or fabrication
constraints, due to the presence of undesired geometric
discontinuities, bundles, and intersections. Tam and
Mueller (2015) proposed a rule-based algorithm to address
these geometric issues, but the efficacy of their approach,
like other current methods, depends on the manual selec-
tion of appropriate seed points (Figures 4.1 and 4.2).

Contributions

Digital fabrication technologies and structural analysis
tools enable the construction and mechanical assessment

4 ACADIA 2023
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of bespoke rebar configurations. However, it is necessary

to develop computational methods that support the design
of material-minimizing rebar layouts to effectively diminish
rebar consumption in the field and the associated emis-
sions produced by RC surfaces.

In this paper, we introduce a computational method that
automates the generation of rebar layouts aligned with the
PSDs (Figure 1). This method supports the exploration of
the geometry of such layouts during the conceptual design
stage for different loading and support conditions, as well
as for distinct rebar diameters and tracing parameters.
Our method combines an RC design module based on
current structural engineering codes with a distance-con-
strained tracing algorithm to generate material-minimizing
layouts. This algorithm iteratively traces rebar following
the optimal flow of forces on a manifold mesh, while it auto-
matically adjusts the placement of seed points to achieve an
evenly spaced distribution of rebars graded according to
the tensile stresses acting on an RC surface.

DESIGN METHOD

Figure 5 provides an overview of the three parts that
compose our method. Besides the numerical parameters,
the input is a mesh representing the surface to be designed,
and the output is the geometry of a rebar layout, generated
as one set of polylines per PSD. We implement this method
using COMPAS, a framework for computational research

in architecture and structures (Van Mele et al. 2017), and
Karamba3D (Preisinger and Heimrath 2014).

Computing Rebar Layouts Aligned with the PSDs Pastrana and Ma
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5 Overview of the method to compute rebar layouts aligned with the PSDs.

Structural Analysis

We conduct a linear elastic structural analysis to obtain
the internal forces in an RC surface, given specific load and
support conditions.

The analysis takes as input an orientable, manifold mesh
with sufficient density to accurately capture the mechan-
ical behavior of the structure. We then apply the material
properties, cross-sections, support conditions, and loads
to the mesh. We also define two orthogonal vectors u and
v per mesh face that set the reference axes along which
the analysis results are expressed. In our analyses, all
the structural information is output at the centroids of the
mesh faces.

Figure 6 illustrates the configuration of the calculated
internal forces, which includes the magnitude of the
three axial forces ( n..n. nuv) and the three bending
moments ( m,.. m,. muv). We also estimate the pair of
PSDs at three locations along the thickness of the struc-
ture: the top (o,", 6,"), the middle (6,°, 6,°), and the
bottom ( olb, 0;’) layers. We select the PSDs with the
highest tensile force among the three layers at each mesh
face and use these to trace a rebar layout. We denote these
direction vectors as @, and o, in the following. The locations
where we extract the internal forces and the PSDs are in

line with the sandwich model we use for RC design.

Reinforced Concrete Design

We implement a modified version of the three-layer sand-
wich model (Lourengo and Figueiras 1995; Blaauwendraad
2010) to estimate the area of rebar steel and the spacing
between rebars that the RC surface requires to withstand
tensile stresses.

TOPIC (ACADIA team will fill in)

The mathematical formulation of the sandwich model

is compact and accounts for the combined action of
membrane forces and bending moments. Moreover, it is
included in current engineering codes (ECS 2005; IFSC
2008), making it compatible with practical design appli-
cations. In the sandwich model, every mesh face on the
surface is split into a top, a middle core, and a bottom layer.
The top and bottom layers are separated by a distance h
measured between the midpoints of each layer (Figure 7).

The sandwich model outputs the cross-section area or rein-
forcement per width unit, a., and a . at the top and bottom
layers of the mesh faces. The model inputs are the surface
thickness t, the steel yield stress fy and the rebar diameter
d)uand d)valong axes u and v, respectively. We assume
adequate bonding between concrete and rebar, and that
the thickness of the RC surface is sufficient to resist shear
forces without rebar stirrups.

Conventional applications of the sandwich model result in
two rebar layouts, one hosted in the top layer and another
in the bottom layer. We generate a single rebar layout
instead because the out-of-plane bending moments m,.
m, and m, exert tensile stresses only on one side of the
surface, either at the top or at the bottom. As we target the
design of material-efficient structures, it would be redun-
dant to add two layers of rebar if only one suffices. Hence,
we shift the geometry of the layout to the top or to the

bottom layer based on the acting tensile stresses (Figure 8).

The tension forces for rebar design in the top and bottom
layers n’_, n'_ . nbsuand nbmonly include the contribution
of the bending moments (Equations 1 and 2). The effect of
the in-plane axial forces are accounted for in Equation 3:

HABITS OF THE ANTHROPOCENE 5
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8 Rebar area shift between sandwich layers.
9 Rebar area distribution per sandwich layer.
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c ) c Ny . . . . .
Ngy, = Ny + —— Ngy = Ny + (3) The distances obtained with Equation 6 are stored in

2 2

As negative values are expected from calculating the tensile
forces on the layers, denoting no need for reinforcement
(Blaauwendraad 2010), the terms ncsu, and ncsv are added
only to the maximum values of n' nt on® L andn’  we
Su SU Su SU
discard eccentricity effects. The calculated tensile forces
are then condensed into (0 and nmwhich represent the

total tensile forces along the u and v reference directions:
t b c
Nsuu = max(nsu, nsu) + L

. , (4)
c
Nsyy = ma‘x(nsw nsv) + Mgy

In Equation 5, we compute the cross-sectional area of
rebar per unit width in the sandwich layers a,, and a,
shown in Figure 9 based on the total tensile forces:

nSU’LL _ nS’U’U (5)

fy Asp fy

gy =

6 ACADIA 2023

vectors dsu and dsvwith pointers to their corresponding
location on the mesh to simplify their query during tracing.
These distances modulate the separation between the
rebars generated by the distance-constrained rebar
tracing algorithm we develop in the following subsection.

By changing the diameters d)u and d)u we can tune the
geometry of a rebar layout. Additionally, our method allows
the definition of an individual diameter per mesh face to
enable finer-grained control of the layout density. We illus-
trate the effect of choosing different global rebar diameters
with two examples in the structural applications section.

Rebar Layout Generation

We develop an algorithm to trace evenly-spaced rebars
along the PSDs, building on the work of Jobard and Lefer
(1997), Mebarki et al. (2005), and Tam and Mueller (2015).
This algorithm iteratively integrates polylines on the mesh

Computing Rebar Layouts Aligned with the PSDs Pastrana and Ma
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10 Rebar layout generation steps:
10.1 Seed sampling on rebar polyline
10.2 Direction interpolation, k =3

10.3 Distance control with proximity thresholds

representation of the input surface via bi-directional
projective tracing. One polyline corresponds to the center-
line of one rebar. To avoid rebar cluttering, and to minimize
rebar consumption by placing material only where needed,
the algorithm maintains the distance between rebars
computed with Equation 6, while it traces rebar polylines.

The algorithm traces one polyline at a time until a priority
queue is empty, or until the generation of more rebars

is unfeasible due to distance, seeding or geometric
constraints. We run the algorithm twice to generate a rebar
layout, once per set of PSDs, 0, and o,. The four operations
involved in the generation of a rebar layout are:

e Automating the selection of good initial seeds.

e Constructing a priority queue to ensure adequate densi-
fication of the rebar layout.

e (Calculating the rebar tracing direction.

¢ Controlling the separation between rebars.

Once the rebar layout tracing is complete, we filter and
translate the control points of each polyline by a distance
h/2 or -h/2 along the unit normals of the mesh, so that the
geometry of the rebars lies in the middle of the layer where
the principal tensile stress occurs. We rebuild the polylines
after shifting their control points.

Seeding Automation: Every rebar polyline starts from a
seed point. The location of a seed point can be arbitrary, but
the choice may lead to inadequate layouts. To procure an
evenly distributed layout, we derive all the possible seed

TOPIC (ACADIA team will fill in)
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points at a given distance from an existing polyline before
moving on to another (Jobard and Lefer 1997). Figure 10.1
depicts this seeding rule. Every polyline is sampled equi-
distantly by length U, and each of the resultant points is
offset on the mesh by a rebar separation distance dsu or dsv
(hereafter ds for notation simplicity) to the right and to the
left of the polyline.

Priority Queue: It is desirable to enhance the structural
integrity of a rebar layout by populating first the mesh
regions requiring more reinforcement. We utilize a priority
queue to this end. Every time a new seed point is created,
we insert the point in the queue with a priority equal to the
area of rebar a, or awneeded at its current location on
the mesh. The queue then schedules the release of new
seed points, releasing points first in areas of the structure
with the highest rebar demand. The priority queue stores
and releases seed points until it is empty. Then, the tracing
of rebar polylines stops.

Polyline Tracing: A polyline representing one rebar is
traced by placing points on the mesh over a finite number
of steps. At every step, the polyline grows by translating
the seed point on the mesh by an extension distance dl, in
the direction of the average of the k PSDs closest to the
point using first-order Euler integration (Figure 10.2). Small
values of dl are ideal to generate rebars that closely follow
the PSDs (Halpern et al. 2013). After translation, the point
is projected back to the mesh. The rebar tracing continues
iteratively until the polyline hits the boundaries of the mesh,
or until any of the distance control thresholds are met.

Distance Control: To ensure an evenly distributed layout, we
aim to have no pair of rebars closer to each other than any
of the proximity thresholds p,, p, and p, . These thresholds
are computed based on the rebar separation distances ds:

p1=ds 51 P2 = ds S2 p3 = dg 53 (7)

HABITS OF THE ANTHROPOCENE 7
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11 RC surfaces: geometry and applied loads:
11.1 Flat slab
11.2 Folded shell

Proximity factor S, defines the allowable distance of one
rebar to the others at the first tracing iteration. Values that
range between 0.8 and 1 are adequate. Factor s, controls
the separation among rebars at any other stage of the
tracing algorithm. Values under 0.5 lead to predominantly
long rebars (Jobard and Lefer 1997). In zones where
circumferential stresses exist, rebars tend to indefinitely
turn around themselves. Therefore, the proximity factor 5,
is introduced to check the proximity of a polyline to itself.
Values between 1 and 3 are suitable.

At every iteration, we calculate these proximity thresholds
based on the distance between the moving seed point of

a traced rebar and the control points of all traced rebar
polylines and itself (Figure 10.3). If any of the thresholds
is exceeded, then the tracing of a polyline stops and the
tracing process moves on to the next seed in the queue.

STRUCTURAL APPLICATIONS

We showcase the effectiveness of our method by gener-
ating rebar layouts for two RC surfaces: a rectangular slab
plate and a folded cantilevering shell.

The first structure reproduces a design from Lourengo
and Figueiras (1993). The slab is fixed along its perimeter
with pinned supports, and subjected to an out-of-plane,
uniformly distributed load of 15 kN/m?. The slab has a

constant thickness of t=15 cm, and is shown in Figure 11.1.

The folded shell in Figure 11.2 is a 3D structure subjected
to an uplifting uniform load of 2 kN/m?. The shell is

8 ACADIA 2023
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restrained with pinned supports at the base, and has a
constant thickness of £=17 cm. For both structures, the
yield strength of reinforcement steel is fy: 500 MPa. We set
the distance between top and bottom layers to h=0.9%.

In these experiments, we generate a rebar layout aligned
with the PSDs for each structure, and benchmark it in
terms of the rebar demand against a single orthogonal grid,
a typical layout in construction practice. We set the refer-
ence axes uand v as the Cartesian vectors x and y for the
baseline orthogonal layouts, respectively; and as 0,0, for
the layouts that follow the PSDs.

Figures 12 and 13 show the rebar distributions in the slab
calculated via Equation 5. The slab requires most rebar

at the bottom layer as it experiences positive bending
moments that exert tensile stresses on the soffit. There,
rebar smears from 0 to 5.1 cm?/m on directions x and

o, and from 0 to 4.1 cm?/malong y and 0, . In the bottom
layer, rebar has a similar cross-like spread along x and o,
(Figures 12.1 and 13.1), but it differs between y and o, in
the latter case, rebar radiates elliptically from the midspan
and vanishes towards the four corners of the slab (Figures
12.3 and 13.3). In the top layer, we highlight that the align-
ment with the optimal force flow suppresses the need for
rebar along o, (Figure 13.2). In contrast, the orthogonal
layout requires up to 3.6 cm?2/m of rebar along x in the top
layer (Figure 12.2).

The distribution of rebar along y and o, is comparable

for the cantilevering shell, requiring a maximum of 16.7
cm?/m at the base of the structure for both alignment
types (Figures 14.2 and 14.4). Along x and o, however, the
spread of rebar demand varies from one alignment to the
other, particularly where the surface folds and transitions
from the vertical to a horizontal cantilever (Figures 14.1

Computing Rebar Layouts Aligned with the PSDs Pastrana and Ma
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and 14.3). The maximum rebar demand along x and o, is
4.1 cm?/m, but the area with high reinforcement demand
occupies a larger portion of the structure in the baseline
alignment, thus indicating the need for more rebar along x
thanalong o, .

Figure 156 summarizes the total area of rebar steel calcu-
lated with Equation 6 required to carry tensile stresses
for both RC surfaces, detailing the contribution that every
layer has to the total steel demand. The reported areas are
normalized, with respect to the orthogonal layout areas,

to show changes in rebar demand relative to the baseline
configuration. Aligning rebars with the PSDs reduces the
rebar steel required to resist tensile stresses. The layouts
that follow the PSDs require only 68% and 90% of the total
area of steel per unit width a ! needed by the reference

S

layout: 32% and 10% less than the baseline, respectively.

Aligning rebars with the PSDs saves more steel in one
direction than in the other. In the slab, 24% of the steel
savings relative to the baseline stem from aligning the
rebar at the bottom layer with 0,. In contrast, there is only
a 1% difference between x and o, in the same layer. In the

TOPIC (ACADIA team will fill in)

134

12 Rebar distribution per slab layer with the baseline alignment (X, y):
12.1 Direction X, bottom layer
12.2 Direction X, top layer
12.3 Direction y, bottom layer
12.4 Direction y, top layer

13 Rebar distribution per slab layer with the PSDs alignment (0, 0,):
13.1 Direction o, bottom layer
13.2 Direction o, top layer
13.3 Direction 0,, bottom layer

13.4 Direction @,, top layer

folded shell, there is an 8% difference in rebar area demand
between the o, and x alignments in favor of the former.
Moreover, all the rebars are hosted in the bottom layer of
the shell (i.e., rebar is not needed in the top layer) due to the
bending moment caused by the applied uplifting load.

Besides the difference in the magnitude of the applied loads,
a plausible reason why rebar reductions are more prom-
inent in the slab than in the shell is that the former is a flat
structure where out-of-plane moments are high and must

HABITS OF THE ANTHROPOCENE 9
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the baseline (x, y) and the PSDs (0,0,
15

be resisted predominantly by rebar steel; whereas, in the
latter, the curved folded shape activates the in-plane axial
strength of the shell, thus decreasing the reliance on rebar.
This suggests that a PSDs-aligned layout can yield higher
material savings on flat surfaces than on folded structures
whose main load-bearing mechanism is membrane action.

Next, we generate rebar layouts for the baseline single-
grid case and the PSDs alignment case on both structures.
These layouts correspond to the rebar area distributions
presented in Figures 12, 13, and 14. In the baseline case,
we only present the layout in the bottom layer of the slab.
For the slab layouts, we select two different groups of
diameters to study the effect that this parameter has on
the spacing between rebars: a) 1 cm and 0.8 cm, and b) 0.8
cm and 0.6 cm. Each group of diameters assigns constant

10 ACADIA 2023

rebar values d)u and d)vto the directions corresponding

to the reference axes u and v, respectively. We run the
tracing algorithm with d,=2 cm; u,=10cm; k=3; s, =
0.9/5,=05;and s,=2. For the shell, we assign rebars of
constant diameter ¢ =¢ = 0.8 cm on both directions and
keep the same tracing parameters as for the slab, except
for s, which we lower from 0.5to 0.1.

In both structures and both alignment types, the layouts
computed with our method adaptively spaced out, guided
by the distances we calculate with Equations 5 and 6.

Our method traces and densifies rebar to maintain the
features of the required steel distribution to bear tensile
stress, while depositing rebar only where it is structurally
required (Figures 16, 17, and 18). Using larger diameters
results in fewer rebars per layout, as the spacing between
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16 Rebar layouts for the slab with the baseline alignment (X, y):
16.1Diameters ¢ =1cm, ¢ =0.8cm
16.2 Diameters ¢ =0.8cm, ¢ =0.6.cm
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17.2Diameters ¢ = 0.8 cm, ¢ =0.6 om

18 Rebar layouts for the folded shell, ¢ = ¢ =0.8 cm:
18.1 Baseline alignment (x, y)

18.2 PSDs alignment (0,0,)

expands quadratically if the input rebar diameter increases
(Equation 86). Conversely, using smaller diameters results in
layouts with more rebars in order to provide the required
tensile capacity to the RC structures.

CONCLUSION

This paper presented a method to design rebar layouts
aligned with the PSDs on RC architectural surfaces
subject to a load case. By integrating a sandwich model
for RC design, a priority queue-based seed generator and
a distance-constrained tracing algorithm, our approach
produced rebar layouts that effectively grade reinforce-
ment steel based on the tensile stresses in an RC surface.
This method thus overcomes some of the limitations of
other current approaches and can support the design
exploration of layouts in the conceptual design stage.

Through two illustrative examples, we demonstrated the
efficacy of aligning rebars with the PSDs. Our method
resulted in a reduction of rebar area of 10% and 32%,
compared to the single orthogonal grid layout employed in
traditional construction. Most of the savings in rebar steel
stemmed from aligning structural material with one of the
two PSDs. This reduction in rebar consumption not only
enhances material efficiency but also has the potential to
decrease the embodied carbon footprint of RC structures.

The proposed distance-constrained rebar tracing approach
is a greedy algorithm that operates based on local
heuristic rules. Consequently, one limitation of our method
is that it does not guarantee a globally optimal solution.
Nevertheless, our aim is not to find a global solution,
which might be computationally expensive or intractable
for general structures. Instead, the goal of our method

is to facilitate the exploration of different locally optimal
rebar layouts. The convergence rate to a local optimum

is, however, contingent on the selection of an appropriate
input mesh resolution and parameter values, as well as on
the presence of singularities among the PSDs.
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Looking ahead, we plan to incorporate higher-order
integration methods to make the convergence rate of our
tracing algorithm more robust to variations in the inputs.
Another crucial aspect to consider is the inclusion of fabri-
cation constraints during the tracing of the rebar polylines
to generate layouts that are not only structurally informed
and evenly distributed, but also increasingly suitable for

construction using both analog and digital fabrication tools.

While our focus has been on placing rebar steel along

an ideal flow of forces, our framework can be extended
to trace efficient reinforcement distributions for other
filament types, such as carbon fibers or natural fibers, on
different architectural surfaces.

In conclusion, our research advances the development

of new digital methods to design rebar layouts, opening

up opportunities in digital reinforcement research for
improved structural efficiency, reduced material consump-
tion, and enhanced sustainability.
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