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Abstract

While the utilization of robot arms has increased since the construction industry began

to deploy robotic technologies for digital fabrication processes, a pipeline is missing for

fabrication-aware design as the abstraction of complex, contradictory constraints for the

designer is not evident. Additional geometric complexity, material properties, etc. also

contribute to the overall di�culties for fabricating the designated piece successfully without

any collisions or structural failure.

�rough the development of two projects focusing on di�erent aspects of robotic fabrica-

tion, this dissertation identi�es various limitations related to the overall design-to-fabrication

process and categorizes them into di�erent types of constraints. It is observed that many of

the constraints occurred within one fabrication task are usually intertwined and cannot be

decoupled, which requires integrated computational strategies to resolve.

By adopting available methods in the computer graphics �eld that address geometry and

material, this dissertation presents a series of optimization-based strategies in the context of

two speci�c research projects, targeting geometry processing and path planning for robotic

fabrication. Its aim is to demonstrate the potential of using optimization methods to obtain

achievable robotic fabrication solutions under sophisticated requirements. Focusing on ge-

ometry processing and path planning, respectively, this dissertation employs optimization

vii



approaches to assist with design aims, and develops a conceptual framework for solving

fabrication-aware robotic fabrication tasks.

�e formulation of the optimization problems in this dissertation empowers the design

processes to be fabrication-aware so as to be compatible with the selected fabrication technol-

ogy. It provides a more mathematical and holistic perspective for looking at robotic fabrication

technologies in the architectural domain.



Zusammenfassung

Deutsche Zusammenfassung hier.

Seit die Bauindustrie begonnen hat Technologien für digitale Fabrikationsprozesse einzuset-

zen, konnte auch ein Anstieg der Anwendungen von industriellen Roboterarmen verzeichnet

werden. Heutzutage fehlt jedoch ein integrierter Arbeitsablauf für fertigungsgerechten Ent-

wurf, da die Abstraktion komplexer, widersprüchlicher Einschränkungen für die Entwerfenden

o� nicht o�enkundig ist.

Zusätzlich tragen geometrische Komplexität, Materialeigenscha�en usw. ebenfalls zu den

allgemeinen Schwierigkeiten bei, das gewünschte Objekt oder Bauteilerfolgreich und mit

hoher technischer Machbarkeit oder strukturelles Versagen herzustellen.

Durch die Entwicklung von zwei Projekten, die sich auf verschiedene Aspekte der roboti-

schen Fertigung konzentrieren, werden in dieser Dissertation verschiedene Einschränkungen

im Zusammenhang mit dem gesamten Prozess vom Entwurf bis zur Fertigung identi�ziert

und kategorisiert. Es wird festgestellt, dass viele der Beschränkungen, die innerhalb einer Fer-

tigungsaufgabe au�reten, normalerweise miteinander ver�ochten sind und nicht entkoppelt

werden können, was integrierte Lösungsstrategien erfordert.

Durch die Übernahme verfügbarer Methoden aus dem Bereich der Computergra�k, die

sich mit Geometrie und Material befassen, werden in dieser Dissertation eine Reihe von Opti-
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mierungsstrategien im Rahmen von zwei spezi�schen Forschungsprojekten vorgestellt, die

auf Geometrieverarbeitung und robotische Pfadplanung abzielen. Ziel ist es, das Potenzial

von Optimierungsmethoden zu demonstrieren um realisierbare Lösungen für die robotische

Fertigung unter anspruchsvollen Anforderungen zu erhalten. Diese Dissertation konzentriert

sich auf die Geometriebearbeitung und die robotische Pfadplanung, verwendet Optimierungs-

ansätze zur Unterstützung von Entwurfszielen und entwickelt einen konzeptionellen Rahmen

für die Lösung von robotischen Fabrikationsaufgaben.

Die Formulierung der Optimierungsprobleme ermöglicht es, die Entwurfsprozesse so zu

gestalten, dass sie mit der gewählten Fertigungstechnologie kompatibel sind. Sie bietet eine

mathematische und ganzheitliche Perspektive für die Betrachtung von robotischer Fabrikation

im Bereich der Architektur.
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Chapter1

Introduction

It was the best of times, it was the worst of times.

— Charles Dickens, A Tale of Two Cities

1



2 Introduction

1.1 Background and Motivation

�e utilization of robots plays one of the utmost important roles in modern engineering

industries as automation has become a core competence and more or less the standard in many

classical manufacturing industries for products ranging from small scale (e. g. food, cellphones)

to large scale (cars, aeroplanes) (Figure 1.1). However, the architectural construction �eld

is le� behind the trend due to the complexity of the building systems and the non-standard

characteristics of the building products (Aste, Manfren, and Marenzi 2017; Garcı́a de Soto et al.

2018). In recent years, however, robot arms have been utilized in the architectural academia

and industries (Hamid, Tolba, and El Antably 2018; Potstada et al. 2016) in a growing trend

for novel fabrication processes: exploring the possibilities of increasing the magnitude of

automation to reduce the amount of human labour in the fabrication process, developing novel

material systems or sustainable fabrication systems, and even expending the range of building

components that we can design and fabricate.

Figure 1.1: Robot arms in industrialized environment. A. Tesla assembly line; B. Food assembly
line; C. Human-Robot collaborative assembly line.

�e e�orts for facilitating the manufacturing process in architectural �elds using robot

arms started around 2006, marked with a series of architectural research projects conducted

by Gramazio Kohler Research (GKR) at ETH Zurich (Gramazio, Kohler, and Willmann 2014).

�roughout the years, various research and applications along this direction have proven great

viability for fabrication and construction processes worldwide, and brought novel utilization

in construction with various materials and of unconventional geometries into the �elds (Fig-

ure 1.2). Amongst these projects, one of the highlights is the collaborative demonstrator DFAB
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House (Graser et al. 2020) of ETH Zurich, Empa, and the Swiss National Centre of Competence

in Research (NCCR) Digital Fabrication, where a variety of digital fabrication technologies

have been employed and tested on a real building site, exemplifying how architecture can

change along the way it is designed and built (Figure 1.3).

Figure 1.2: Various researches and applications of digital fabrication in the architecture
�eld: A. Spatial Timber Assemblies, timber frames assembled by robot arms (Gramazio
Kohler Research, ETH Zurich); B. Concrete 3D Printed Columns (Digital Building Tech-
nologies, ETH Zurich) ; C. 2017 Institute for Computational Design and Construction
(ICD) Research Pavilion (ICD, ITKE University of Stu�gart), ; D. ARUM, robotically folded
steel sheet structure (RoboFold & Zaha Hadid Architects).

Nonetheless, utilizing robot arms for research and applications in the Architecture, Engi-

neering and Construction (AEC) �elds poses special challenges due to the characteristics of

the �elds. One of the most prominent di�erences of the AEC �eld is the need for adaptable

fabrication processes that suit the variation of the manufactured objects. Unlike robot arms

used in industrial assembly lines where they repeatedly execute the same set of movements

in a �xed and programmed procedure, the ones used in the architecture industries and re-
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Figure 1.3: �ree examples of digital fabrication technologies developed and applied in the
DFABHouse project: A. In Situ Fabricator; B. Smart Dynamic Casting; C. Spatial Timber
Assemblies.

search environments face di�erent scenarios—architectural elements are usually di�erent per

component 1, and thus require �exible and adaptable robot control and task management.

Consequently, how to control the robot arms e�ciently and smartly during each speci�c task

with less unnecessary movements, no undesirable collisions, and minimum e�ort of human

intervention becomes a nontrivial question.

On the other hand, �e construction of geometrically complex shapes also challenges the

approaches that robot arms are conventionally used. As one of the core topics in architectural

design, complex geometries has always been one of the main drivers for the development

of architectural construction technologies. However, the employment of robotic fabrication

in the industry was not common until the recent ten years, and related projects mostly

adopted computer-aided fabrication technologies for subjects like surface ruling or component

modularization (Bermano, Funkhouser, and Rusinkiewicz 2017). While robotically fabricating

general geometries seems to be a long-term goal, the gap between the types of existing

architectural geometries and the types that can be processed and robotically fabricated is far

from �lled. �is presents a more urgent need for technologies that facilitate the processing

and fabrication of complex geometries with robots.

Besides the two challenges mentioned above, numerous constraints should also be managed

during a fabrication process, such as material viscosity and structural failure, which are usually
1Since one of the goals of architectural digital fabrication is to expand the fabrication capability of non-standard

units with minimum increased cost, the widely used standard modular system is excluded.
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raised by the di�erent selection of the interacted materials and the objects’ scale. While di�erent

projects may share speci�c needs, a collection of the common interests across di�erent robotic

fabrication tasks may includes, but is not limited to: 1) structural stability—how well the

fabricated artefact stands, 2) topology—the way how the member components are organized,

3) geometric proximity—divergence between the digital model and the physical fabricated

artefact, 4) motion planning—whether available robot movements exist, and 5) user-de�ned

constraints—additional information required by the user as fabrication constraints according

to the project needs.

In general, these constraints that are related to the fabrication of non-standard and geo-

metrically complex architectural components using robot arms could be addressed in three

di�erent stages during a design-to-fabrication process: during the design stage, between the

design stage and fabrication stage, and during the fabrication stage.

To address the constraints during the design stage, researchers and designers have been

exploring the possibilities of using design constraints as design drivers throughout the years

(Eckert and Stacey 2014; A. Kilian 2006; Peters 2010). While design constraints may include

various types of design requirements (for instance, structural stability, acoustic performance,

assembly sequence, etc.), integrating those that are related to fabrication at this stage will

bene�t the design-to-fabrication process by eliminating the common iterations between design

and fabrication caused by non-fabricable design. However, it is not realistic for most projects

to beware of all the fabrication constraints, and addressing them in the following two stages is

thus substantial.

To address the constraints between the design and fabrication stages, i. e. transform a

design to a fabricable design, the target geometries are usually adjusted or modi�ed to suit

speci�c technologies. �is usually happens when the fabrication approach is not decided or

fully exposed to the designers during the design stage. While it is not the main focus of this

dissertation, this process is usually named as rationalization and has been widely applied in
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many built projects. Austern, Capeluto, and Grobman (2018) has provided a thorough review

in this direction.

�e address of the constraints in the fabrication stage is not commonly employed—it is

usually not practical to reverse the rationalization process and suit the fabrication technologies

to the designed targets by developing new fabrication tools or processes. However, the rise

of robotic fabrication using robot arms in the architecture �eld provides exactly such an

opportunity. As the complexity of the architectural components increases, the diversi�cation

of these components also demands a wide range of speci�ed tools—the end e�ectors a�ached

to the robot arms—to conduct the fabrication procedure. While robot arms provide more

freedom in motion and accuracy in precision for fabrication processes, end e�ectors provide

the essential operations for the fabrication of the end products. Depending on the speci�c

fabrication process, the two aspects are usually weighted di�erently according to the speci�c

characteristics of the project. For instance, weaving carbon �bres in Figure 1.2.B requires

careful sophisticated control of the robot motions, while the complexity of the fabrication for

the Mesh Mould project in Figure 1.3.A is mainly embedded in the robot end e�ector where

additional mechanisms accomplish the process of bending, inserting and welding rebars.

It is obvious to notice that some of the limitations are related to robotic fabrication processes

or robot arm manoeuvre directly, and some are not. For robotic fabrication processes, two

types of fabrication constraints can be categorized:

1. Local fabrication constraints: introduced by the end e�ectors at the interface between

itself and the target object;

2. Global fabrication constraints: introduced by robot arms, target objects, environments,

etc. during a fabrication process.

Besides the fabrication constraints, non-fabrication constraints introduced by other factors,

such as material strength, structural stability of the building parts, geometric proximity to

the designed targets, etc. should also be considered. Without loss of generality, these three
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types of constraints usually co-exist in a design-to-fabrication process, di�erently weighted

depending on di�erent aspects (scale, material, etc.) of the speci�c projects.

When these constraints can be decoupled as independent problems, existing techniques

are usually applicable to solve these problems individually. For instance, global fabrication

constraints, such as the robot-target collisions, may be resolved by carefully planning the

robot motions, but the local fabrication constraints may not, especially when the end e�ector

contains additional degrees of freedom (DOF) (motors, mechanisms, etc.) or cannot be included

into the planning algorithms. Once the local fabrication constraints cannot be resolved by

planning approaches, the target geometry will thus need to be modi�ed, or rationalized, in

order to successfully conduct a fabrication task. Additionally, non-fabrication constraints may

also result in a need to modify the geometry by employing a rationalization step.

However, in many cases, these constraints are di�cult to decouple and cause the com-

plexity of the problem to increase tremendously. �e e�ort cost for manually tuning the

right set of parameters for planning robot motions, or controlling the fabrication process in

general, will thus increase as the constraints increase in number or di�culty—it may take an

enormous amount of time or sometimes even be impossible to �nd the right set of parameters.

Furthermore, the non-standard characteristics of architectural components make the situation

worse—one set of parameters for one of the components may not suit the other, as the robot

motion and atomic fabrication procedure2 di�ers.

Hence, integrated strategies, systematically designed and easily applicable, are needed to

resolve related constraints in a simultaneous way for a successful robotic fabrication process.

�is is the reason why optimization-based strategies are introduced in this dissertation for

handling complex robotic fabrication tasks.

�e successful abstraction and transformation of a complex robotic fabrication task into

the corresponding mathematical formulation of an optimization problem relies on a thor-

ough understanding of the fabrication process in order to describe the physical reality in
2�e most basic robotic movement in a complex fabrication process composed of a serious procedures.
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mathematical sense. By virtue of the natural connection between the Computer Graphics

(CG) �eld and problems related to geometry and material simulation and modelling, there

exists great potential in adopting methods from the CG �eld to facilitate the development of

robotic fabrication in the architecture context. �e CG �eld may also bene�t by testing these

methods in physical reality and at an architectural scale, since they are originally developed

for animation, computational modelling, rendering, etc. in the virtual world.

Such interaction with the physical world may pose new challenges, as the results need to be

not only visually plausible, but also physically realisable and hardware compatible (Bermano,

Funkhouser, and Rusinkiewicz 2017). Figure 1.4 shows several selected projects in this context,

in which CNC milling accessibility (Figure 1.4.A), material properties (Figure 1.4.B), assembly

(Figure 1.4.C), and geometric control of light transportation (Figure 1.4.B) are addressed

respectively.

Figure 1.4: Selected digital fabrication projects from the CG �eld: A. Decomposition of 3D
objects for 3-axis CNC milling (Muntoni et al. 2018); B. Inverse design of elastic shapes
under given loading conditions (Chen et al. 2014); C. Design and structural optimization
of topological interlocking assemblies (Wang et al. 2019); D. Caustic design by geometry
optimization (Schwartzburg et al. 2014).

Di�erent from the desktop-level projects mentioned in Figure 1.4, structural stability and

material properties a�ect the results more severely, as they do not scale in the same order as
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the sizes of the building components scale 3. �is echoes with the challenges mentioned above

in the robotic fabrication for building components context, where the fabrication of shapes is

closely intertwined with its geometric complexity, structural stability and robotic motions and

collisions. Besides, other types of constraints may also apply according to the speci�cation of

the projects, such as a required assembly sequence of individual members, or limitations of

the robot reach.

Facing these challenges, novel methods need to be developed to seek be�er computa-

tional design methods without breaking the integrity of the problems. Optimization-based

strategies, in this context, are well suited, as their mathematical properties theoretically allow

multiple objectives and constraints to be addressed at the same time, if they can be abstracted

mathematically.

1.2 Dissertation Statement

From the previous discussion around the fabrication and non-fabrication constraints, two key

problems can be distilled for architectural robotic fabrication. �ere is a keen need for:

• rationalization tools for design that adapt the target to a robotic fabrication process by

ful�lling the relevant constraints, and

• path planning tools that integrate relevant constraints regarding the fabrication process.

Additionally, some circumstances require integration of the two types of tools according

to the complexity of the problem. For instance, when the robot motion generated by the

path planning tools is feasible, the target may still fail due to other types of constraints (e. g.

structural stability) and thus needs to be modi�ed by the rationalization tools. In such cases,
3In his Two New Sciences (Galilei 1914), Galileo Galilei for the �rst time discussed the argument that material

does not scale, as the relationship between volume and surface area relationship follows the “square-cube law”.
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the global and local fabrication constraints mentioned in the above section (Section 1.1) co-exist

in the same project and pose additional questions.

To respond to these questions, this dissertation presents a series of optimization-based

strategies targeting the geometry processing and path planning for robotic fabrication in the

architecture domain. It identi�es key open problems in the context of speci�c project-based

research including, but not limited to structural stability, topology, geometric proximity, and

path planning.

�e research objectives are contextualized in a design-to-fabrication work�ow using

optimization-based methods: 1) computationally modelling the target material using either

material-based or geometry-based methods4, 2) abstracting the parameters related to the

design process and fabrication constraints, 3) formulating optimization with multiple objectives

according to the fabrication processes and design preferences, and 4) �nding executable robotic

motions such that the fabricated results match the simulated ones.

�is thesis a�empts to provide a more mathematical and holistic perspective of looking at

robotic fabrication in the architecture domain: a) how optimization-based strategies will help

the formation and solving of emerging fabrication problems in the Digital Age, as previous

independent problems become more interdependent and intertwined, and b) how optimiza-

tion-based strategies will facilitate the design process to be fabrication-aware by looking at it as

a problem-solving process with the integration of fabrication-related constraints. Expectedly,

these challenges will call for novel solutions with more systematic and computational thinking.

1.3 Methodology

�is dissertation is constructed upon two complimentary projects that exemplify the over-

all research question of utilizing optimization-based methods targeting geometry processing

and path planning problems for robotic fabrication tasks. For ease of structuring, the two
4material-based methods model the material property (Project I ) while geometry-based methods model the

geometry (Project II ).
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projects address their main focus at each of the two needs stated in the Dissertation State-

ment (Section 1.2), which relates to the Local fabrication constraints and Global fabrication

constraints mentioned in Section 1.1, with a secondary focus on the other. �e two projects

are independently structured but contribute to the same goal in the global context as a whole.

Both projects are organized around the following areas of investigation:

• modelling and simulation of the interaction between the tool and the workpiece,

• direct or indirect modelling of the fabrication process with a robot arm5,

• abstraction of the design parameters and fabrication constraints, and

• optimization formulation to solve the conjugated fabrication problems.

Within each of the projects, a combined approach of physical experiments and develop-

ments of computational methods is conducted to guarantee the correspondence between the

simulation results and physical results. �e associated physical experiments serve to not only

validate the proposed strategies but also provide inspiration for the algorithm development.

Each of the individual projects utilizes a di�erent hardware setup and interact with a di�erent

material:

• Project I : ABB-IRB 4600 (robot arm), steel rebar (material);

• Project II : Universal Robot (robot arm), water-based clay 6 (material).

1.3.1 Projects

�e two projects developed in this dissertation serve as demonstration cases for the two

situations described in Section 1.2, respectively.
5Here, “direct” or “indirect” refers to whether the fabrication process is modelled directly (e. g. simulation of the

fabrication process, as in Project II), or indirectly (e. g. optimization constraints using the extracted corresponding
parameters, as in Project I).

6�e “water-based clay” used in this dissertation refers to the most common type of clay soil used for sculpting,
which are so� in room temperature and will turn solid quickly as water evaporates. It di�ers from the oil-based
clay that can be directly milled used in car industries or polymer-based clay that have persistence viscosity. For
simplicity, it will be referred to using the word “clay” in the following text.
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Project I: FrameForm—Robotic Fabrication of Structural Metal Frames. �is project

aims to develop an automated pipeline for a pre-de�ned robotic fabrication process to fabricate

structurally sound and topologically e�cient metal frame structures that can support additional

loads under the designed loading conditions. It inherits the legacy hardware from the Mesh

Mould project (Hack, Wangler, et al. 2017) and focuses on the development of an optimization-

based computation system. As the legacy hardware is already a complete tool set with li�le

space for major modi�cation and has a �xed motion sequence for fabrication, this project

will take these characteristics as existing constraints and focus on developing geometry

modi�cation methods to suit the integrated needs. �e computational strategy of this project

addresses structural optimization considering robotic fabrication constraints. Integrated

approaches are thus needed for modelling geometric and material properties, as well as robotic

fabrication processes of a speci�cally designed end e�ector to build a combined optimization

that can resolve the problem as a whole.

Project II: RoboSculptor—Robotic Clay Sculpting. �is project aims to provide a novel

approach for integrating user-de�ned design expressions as sculpting styles and robotically

sculpting the geometric details of a given input with clay materials. In contrast to Project I,

where legacy hardware is given, new hardware is built during this project, and co-evolves with

the so�ware development. �e project furthermore addresses adequate physical experiments to

understand the material properties and abstract essential parameters to support the formulation

of the optimization problem involving the speci�c fabrication process. �is project will focus

on geometry processing methods for the design stage, and integrate robot path planning for the

fabrication stage. �e integration of design preference of the user also belongs to the objectives,

so as to establish a feature-rich system that o�ers more than non-interactive solutions. �e

consideration fabrication process and utilization of fabrication constraints during the design

stage through the means of optimization establish a fabrication-aware design process that

smoothly facilitates the materialization of the design intention.
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1.3.2 Interdisciplinary approach

�is dissertation involves research methodologies and tools closely related to both the architec-

ture domain and the Computer Graphics (CG) domain and is funded by Disney Research. By

evaluating and examining the available methods in an interdisciplinary context, the disserta-

tion will bene�t from both domains, and hopefully originate valuable outcomes in return. �e

dissertation was developed collaboratively and in tight exchange with the chairs of Gramazio

Kohler Research (GKR), Computational Robotics Lab (CRL), and Disney Research.

�e legacy hardware for Project I was developed by the groups of GKR at the Institute of

Technology in Architecture and Agile and Dexterous Robotics Lab (ADRL) at the Institute

of Robotics and Intelligent Systems, embedded within the NCCR Digital Fabrication. In the

context of the research of this dissertation, this hardware set serves as the fabrication tool and

constraints for developing the optimization system that utilizes various methodologies from

the CG �eld.

�e research conducted in this dissertation enjoys a close collaboration between the author

and Alexander Walzer (for Project I ) and the Ph.D. candidate Simon Dünser (for Project II )

from the CRL, and with additional technical support from the Computational Design and

Manufacturing Group at Disney Research. Mr. Walzer conducted all the fabrication tasks and

the upgrade of the hardware in Project I. Mr. Dünser led the formulation of the optimization

objectives based on the optimization platform he developed in Duenser et al. (2020), which

is also partially used in Project II. Dr. Christian Schumacher and Dr. Espen Knoop provided

coding guidance for Project I and developed the turntable and manufactured the end e�ectors

for Project II, respectively.

More details for the two projects can be found in Section 4.8 and Section 5.9, respectively.
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1.4 Dissertation Outline

�is thesis is structured into six chapters. Following this introduction chapter, Chapter 2

covers the state of art research for optimization augmented fabrication in architecture and

the CG domain. Speci�cally, it provides an overview of the geometry representation and

processing in architectural fabrication, material fabrication and modelling for simulation,

structure optimization for discrete structures (i. e. truss and frame), and path planning for

standard robot arms.

Chapter 3 provides the mathematical fundamentals that help to understand the following

chapters be�er due to the use of mathematical-heavy methods that are not usually employed for

architecture research. �e chapter includes a brief introduction and summary of optimization

formulation and solving strategies, and some basics of vector �eld mathematics.

Chapter 4 presents Project I: FrameForm, an interactive design system that utilizes compu-

tational techniques to aid the design of structurally-sound metal frames. �e system is tailored

for robotic fabrication using an existing fabrication process that integrates automated bar

bending, welding, and cu�ing. �e project minimizes combinations of functional and aesthetic

objectives under strict fabrication constraints that model the assembly of discrete sets of bent

metal bars.

Chapter 5 presents Project II: RobotSculptor, an interactive design system that allows users

to create sculpting styles and fabricate clay models using a 6-axis robot arm. �e project allows

the user to interactively select sub-areas of the mesh through decomposition and embeds the

design expressions into an initial set of toolpaths by modifying key parameters that a�ect

the visual appearance of the sculpted �nish. �e toolpaths are then optimized to �nd the

robotic sculpting motions that match the target surface, maintaining the design expression,

and resolve collisions and reachability issues so that a robot can fabricate the clay model

physically with a customized loop tool.
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Chapter 6 concludes the dissertation with summarized remarks and discusses possible

directions for the future research.

�e Appendix provides supporting materials for the dissertation, including the design

iterations of the tool development of Project II, implementation details of the so�ware developed

during the whole dissertation, etc.





Chapter2

Context

Seldom do more than a few of nature’s secrets give way at one time.

— Claude Shannon

17
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�e objective of this chapter is to contextualise the research with both historical and

contemporary references and examples. As stated in the �rst chapter, for the optimization-

based methods targeted in this dissertation, the simulation of the fabrication processes is

needed. �us, three key elements are required: 1) the geometric representation of the involved

objects, such as parts of the robot, the target object to be fabricated, essential collision objects,

etc., 2) the simulation of the fabrication process, in which both the interaction between the tool

and the target and the robotic process is modelled, and 3) the mathematical formulation and

computation of the optimization. �e structure of this chapter will follow these requirements,

contextualizing the related topics based on the projects, and conclude by introducing the focus

areas of the research.

2.1 Geometry Representation and Processing

Geometry is the core for almost all the modern �eld that involves Computer-Aided Design

(CAD) process to aid modelling. While di�erent types of representations and modelling

techniques, such as Constructive Solid Geometry (CSG), Boundary Representation (BREP),

Non-Uniform Rational B-Splines (NURBS), etc., enjoy di�erent bene�ts and are used for

di�erent modelling purposes, the research in this dissertation chooses the general triangle

mesh data, due to the vast amount of available tools existing in the CG �eld for low-level

operation of the model data. Since this type of representation only stores vertices by coordinates

and the edges and facets by vertex relationships, it also enjoys a more e�cient access to the

shape information compared to other parametric modelling representations, and bene�ts

computation cost in the optimization process.

While designers and researchers in the architecture �eld rarely use the triangle representa-

tion for modelling, this section mainly focuses on the CG �eld for mathematical methods and

tools on this topic, in which triangle mesh models have been studied and used as a major type

of geometric representations for decades. As both of Project I and Project II employ a similar
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set of tools for geometry processing, the following paragraphs provide a general overview of

the ones related to this dissertation:

2.1.1 Vector Integration and Field Interpolation

Geometry processing for digital fabrication o�en requires consideration of additional infor-

mation such as loading conditions, structural strength, material properties and fabricability

due to either the speci�cation of the projects or the physical laws of the real world. �e

information usually exists in or can be transformed to a form of vector �eld, which requires it

to be integrated into the respective representation of the input geometry. Additionally, certain

information also needs to be extracted or interpolated to obtain the required data format for

further processing. Among those used in the CG �eld, the Lapacian-Beltrami operator and the

Poisson’s equation are probably the most widely applied ones.

Generally known as a mathematical di�erential operator on scalar �elds, the Laplace

operator is most widely researched and used in its discrete version in the CG �eld, due

to the discrete nature of computer science. It has become an essential tool in geometry

processing. Many interpretations and �avors of the Laplace and Laplace-Beltrami operator

exist, metaphorically known as the “swiss army knife” of geometry processing (Solomon,

Crane, and Vouga 2014). �e discrete version of Laplacian operator for triangles elements has

been researched intensively for geometry processing (Sorkine, Cohen-Or, et al. 2004; Sorkine

2005) and re-meshing (Nealen et al. 2006), and recent development also extends to general

polygon mesh (Alexa and Wardetzky 2011; Bunge et al. 2020).

�e Poisson’s equation on the other hand, is a generalization of the Laplace’s equation and

relates non-zero information on a manifold. �ere is a wide range of applications in various

�elds including image editing (Pérez, Gangnet, and Blake 2003), geodesic distance computing

(Crane, Weischedel, and Wardetzky 2013), light routing (Pereira, Rusinkiewicz, and Matusik

2014), surface reconstruction (Kazhdan, Bolitho, and Hoppe 2006; Kazhdan and Hoppe 2013),
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etc.

Figure 2.1: Applications of Laplacian-Beltrami operator and the Poisson’s equation: A.
Mesh Parameterization (Laplacian) (Solomon, Crane, and Vouga 2014); B. Vector Field
Design (Crane, Desbrun, and Schröder 2010).

2.1.2 Shape Abstraction

Austern, Capeluto, and Grobman (2018) provided a great overview of the rationalization meth-

ods used in computer aided fabrication. �e main aim of the rationalization is to connect the

virtual design space with the physical world through the language of geometry. �e di�erent

geometric representation and the translation in between are the keys in this connection and

evolve a wide range of tools for various purposes. For digital fabrication, the rationalization

process is determined by the material and fabrication methods used in the speci�c project.

Shape abstraction, as the crucial translation from the input geometry to the fabrication geom-

etry, di�ers in the two projects of this dissertation, due to the di�erent fabrication tools and

methods used.

Project I employs the rebar assembly as the �nal physical format. Methods for translating

surface 3D models to abstracted wire models 1 (Figure 2.2) are thus required. A rationalization

process similar to Knöppel et al. (2015) is necessary, where equal-distance stripes are extracted

from a given manifold. Early work (Mueller et al. 2014) introduced a method to create 3D
1�e term wire structures will be used in the following context.
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printed wireframe structures for fast prototyping of shapes. Wu et al. (2016) extended this

approach to a 5-DOF system, increasing the complexity of shapes that can be fabricated.

Apart from fast prototyping, there are also other applications of wire structures in shape

abstraction. Lira, Fu, and Zhang (2018) proposed a hybrid meta-heuristic model to create

such abstractions with as few wires as possible. On the basis of Chebyshev nets, Garg et al.

(2014) introduced a method to design wire mesh structures. Focusing on aesthetic aspects of

wire-based surface design, Zehnder, Coros, and �omaszewski (2016) described a technique

for the design of visually-pleasing, structurally-sound ornamental curve networks.

Figure 2.2: Various examples of shape abstraction: A. Abstraction from mesh models to 3D
printed wire structures (Wu et al. 2016); B. Abstractions with regular wire mesh sheet
(Garg et al. 2014).

While the fabrication process in Project I is conducted in an “additive” style where the

�nal structures are assembled from rebars, Project II employs a subtractive process for the

fabrication—the �nal clay model is sculpted from an initial volume of the material. �e shape

abstraction process happens in the generation of toolpaths, where curves like the isolines

(YiHong and YongJiang 2010) are extracted for additional processing. As the toolpaths have

a closer relationship to the motion planning of the robot, the related work is discussed in

Section 2.3.2.
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2.2 Material Fabrication and Modelling for Simulation

As stated in the �rst chapter, the aim of simulating the fabrication process at design stage is

to serve the optimization—�nding the right set of parameters desired for the fabrication by

conducting virtual tryouts. �us, the behaviour of the material and the interaction between

the robot and the material is crucial to the simulation accuracy of the fabrication.

2.2.1 Steel Rebar

As steel has so many forms of applications, the literature review of the steel fabrication

for Project I in this chapter is limited to rebar free-form fabrication. Cortsen et al. (2014)

introduced a robotic system to create double-curved rebar meshes from a digital model. Hack

and Lauer (2014) presented a technique to create 3D printed in-place formwork for concrete.

�ey later extended their approach to enable the design of structures that serve as molds and

reinforcement (Hack, Wangler, et al. 2017).

From a slight di�erent perspective, the fabrication of desktop scale bar assemblies in

di�erent material has also emerged in CG �eld. Huang et al. (2016) introduced a robotically

3D printed rod assemblies where they assumed a volumetric frame structure as input, and

their output is tailored for robotic thermoplastic extrusion. �ough Project I inherits the tool

from the Mesh Mould project (Hack and Lauer 2014) and operates on steel rebars where the

fabrication process dictates a particular fabrication sequence, the sequencing of instructions

could be referenced for other robotic processes (Huang et al. 2016; Wu et al. 2016).

However, from the above review in this section, the design and fabrication of both the rebar

structures in the architecture �elds and the extrusion-based 3D printing of plastic structures in

the CG �eld rarely consider the material behaviour. While research in the CG �eld may each

concerns di�erent aspects of fabrication, one common cause exists for the architecture �elds—

architectural design is usually separated from the structural engineering. Structure stability

and material behaviour are considered by structural engineers. �is separation requires a
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complex interaction that is prone to human errors and thus leads to a limited amount of

possible iterations during a design-to-fabrication process. It may also result in unexpected

failure of the fabricated structures or an unnecessarily redundant use of the materials as an

inclusion of safety margins to mitigate risks.

Since the material property of steel has been well studied, the simulation of rebar structure

under small deformation should be conducted with ease. A common linear elastic model

(Slaughter 2012) with steel property should su�ce for the simulation, as long as the structure

is deformed within a relatively small range under the designated load case. �us, integration of

such material simulation should not take much additional e�orts, and provides extra guarantee

to the structural stability of the fabricated structures, as well as more sustainable use of the

materials.

Note that once the rebar is combined with other materials in a composite manner, say

reinforced concrete, the behaviour of composite is more complex and needs to be researched

according to the speci�c contact interface (Beliaev et al. 2016; Chiria�i et al. 2019; Cosenza,

Manfredi, and Realfonzo 1997).

2.2.2 Clay

�e Project II employs a di�erent material medium, clay, as the operational material. As a

representative material for geometry forming, clay has been widely used in arts and cra�s

�elds as a hand modelling process (P. Faraut and C. Faraut 2013; P. Faraut and C. Faraut

2009). Recently, its economical and malleable characteristics also gained increasing popularity

in 3D printing and multi-axis robotic applications. �ese applications typically employ a

customized tool a�ached to a common 3-axis CNC machine (Nan, Pa�erson, and Pedreschi

2016) or a 6-axis industrial robot arm (Bechthold 2016) and manufacture artefacts through

additive, subtractive, or formative processes.

�e additive process usually deploys clay either in layers to create sealed surface geometries
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(Rael and Fratello 2017; Tryfonos 2018) or in a woven style (Friedman, Kim, and Mesa 2014;

Rosenwasser 2017) to create pa�erns. Taking advantage of the material’s malleability, digitally

controlled throwing of the clay was also studied in order to erect large-scale building structures

over distance (Dör�er et al. 2016).Subtractive and formative processes, however, generally

start with an initial block of clay which is shaped by either placing pressure to deform the

material (Tan 2016), or cu�ing o� the material (Schwartz and Prasad 2013). Weichel et al.

(2015) combined the additive and subtractive processes, i. e. milling, using two distinct tools.

Figure 2.3: Clay Fabrication and Failure: A. 3D printed clay object on a customized doubly-
curved base (Ko et al. 2019); B. 3D printing clay collapses during the fabrication. (Rael
and Fratello 2017).

However, the application of material simulation is even worse for the fabrication with the

clay material, and pure toolpath-based 3D printing of clay will cause fabrication failure due to

either geometric or material reasons (Figure 2.3.B). Some research for simulating clay material

exist in a molecule level (Marry, Rotenberg, and Turq 2008; Skipper, Chang, and Sposito 1995;

Young and D. E. Smith 2000), but li�le practical work has been found for simulating clay in a

larger scale that related to the fabrication process in Project II. �e constant evaporation of

water inside the clay also increases the complexity of simulation.

On the other hand, fabrication experiments in Section 5.4.1 showed that for the fabrication

process with the tools the author developed, clay behaves almost like a quasi-plastic material—

a pure geometry-based method is thus chosen to ease the simulation process. �us, the
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simulated fabrication only depends on the Boolean process between the base geometry and

cu�ing geometry where deformation can be ignored.

2.3 Optimization

While optimization-based methods include too large a body of work, the projects in this disser-

tation exploit speci�c optimization-based methods to facilitate robotic fabrication processes.

�is section will review the related methods separately for the two projects.

2.3.1 Truss and Frame Optimization

�e fabrication method for Project I sets hard constraints on the representation of the target,

and consequently determines its structural type—trusses and frames2.

�e analysis of trusses and frames is well-understood, and has been a central topic in

structural engineering (Logan 2011). �e optimal design of such structures is an active area

of research, with the seminal work on Michell trusses (Michell 1904) serving as the source of

inspiration for more recent work. Truss optimization (Achtziger 1999; Achtziger 2007), where

combinations of shape, topology, and sizing parameters are optimized, has been addressed

with a variety of methods (Stolpe 2016).

Targeting the CG �eld, J. Smith et al. (2002) proposed a system for the synthesis of truss

structures. Tang et al. (2014) explored the use of polyhedral meshes for truss optimization,

and target applications in architecture, and Jiang et al. (2017) introduced a method to �nd

material-e�cient space structures.

Because forces and moments are transferred at welded connections, Project I relies on

frames in physical modeling. In contrast to standard synthesis and optimization of frames,
2�e terms “truss” and “frame” used in this dissertation refer to their de�nition in structural engineering: joints

in a truss are pin joints that can only take axial force loads (constrained in transition, unconstrained in rotation)
and joints in a frame can be moment joints that can take both axial force loads and moment loads (constrained in
both transition and rotation).
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robotic processes conducted by the hardware in Project I severely restrict the types of fea-

sible structures. Hence, they require a di�erent modeling. However, both the process-

aware, structurally-informed initialization of globally-coherent frames (global step), and

the fabrication-aware co-optimization of strength-to-weight ratio, target matching, artistic,

and regularity objectives (local step) are applicable and can be easily transferred to other

robotic processes.

While the initialization and optimization developed here are tailored to robotic construction

processes, this dissertation shares goals with work on material-minimizing forms and structures

(M. Kilian et al. 2017), and align bars with principal stress lines (Pellis and Po�mann 2018;

Pietroni et al. 2015).

2.3.2 Motion Planning

Project II seeks for a set of motion parameters that controls the robot to conduct the corre-

sponding sculpting behaviours, which, in essence, is a motion planning problem.

�e general problem of robotic path planning has been studied extensively in the past,

and respective so�ware is readily available. For example, the Open Motion Planning Library

(Şucan, Moll, and Kavraki 2012) provides a collection of sampling-based algorithms to plan a

feasible path between two points, subject to optimality conditions. �e Descartes package of

the ROS-Industrial project (Edwards and Lewis 2012) implements a tree search to �nd a robot

trajectory that matches a suite of prescribed tool positions.

Unlike these applications, however, the planning for Project II calls for long trajectories

with highly dense sampling, in order to accurately follow the �ne-scaled details of the target

shape. Further, the entire length of the cut path is heavily restricted by collision constraints and

computationally expensive optimization criteria. Such conditions are inherently challenging

for sampling-based approaches. Notably, De Maeyer, Moyaers, and Demeester (2017) reported

that already for 50 trajectory points, memory usage starts to become a ma�er of concern
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for the tree search used by Descartes. In Project II, this number routinely exceeds ten-fold.

�erefore, iterative optimization is chosen, namely Newton’s method3, to handle the large

number of parameters—albeit at the expense of global optimality.

While motion planning plays an essential part of Project II, the embedding of the design

expression requires additional information to be incorporated into the planning process. �e

information is embedded into an initial set of toolpaths that are used as the starting point of

the planning. A large body of work about toolpath generation is available in CNC machining

(Chiou and Lee 2002; Feng and Li 2002; Jun, Cha, and Lee 2003; Sullivan et al. 2012; Tournier and

Duc 2005; Zhu and Lee 2004). Dragomatz and Mann (1997) surveyed general path generation

methods used in the CNC milling �eld, and Elber and Cohen (1994) summarized two main

approaches, isocurves and contours, and their strengths and weaknesses.

Robotically manipulated wire-like tools have recently been studied in Duenser et al. (2020),

where an elastically deformable, heated rod cuts through blocks of polystyrene foam. �is work

focuses on trajectory optimization for a small number of individual cuts using a comparably

large tool, rather than on a global cu�ing strategy. In contrast, the tools employed in this

dissertation are much smaller in size, such that a global strategy for path generation is necessary.

Nevertheless, inspiration is drawn from this work for the path planning component in this

dissertation, and feasible robot trajectories are optimized in a similar fashion.

2.4 Conclusion

�e previous sections provide a review of the state-of-the-art computational tools and methods

available in both architectural and CG �elds, specifying the three key elements for developing

an optimization-based system. As a result, some research areas that show potential for

expanding the present methods have been identi�ed:
3A common root-�nding algorithm used in numerical analysis, also known as the Newton–Raphson method.
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For geometry representation and processing, both of the two projects mainly exploit the use

of existing tools to facilitate the translation and integration of geometric information between

the input data and the targeted fabrication data. However, research into how to design and

develop customized Graphic User Interface (GUI) to facilitate the ease-to-use intervention

of the geometric data transformation pipeline may bring new opportunities to advance the

geometry processing strategies for robotic fabrication.

For Material Modelling and Fabrication Simulation, Project I investigates the material-based

model by using an elastic model of the steel material in the simulation components, while

Project II employs the geometry-based model due to the complex material behaviour of the

clay material. Neither of the investigations has been conducted for robotic fabrication research

in the architectural domain. Developing methods that integrate such simulation will have the

potential to resolve many concerns emerged from previous research, and will expand existing

ways of managing robot-target intervention.

While optimization is a grand topic to explore, the approaches required in this dissertation

mainly serve for robotic fabrication processes, and depend largely on the �exibility of the fab-

rication methods. For Project I, research into the speci�c optimization for the frame structures

with additional objectives of topology and geometric proximity will expand the existing pool

of frame optimization methods, and explore the possibility of combining tools available in

both engineering �eld and CG �eld into an integrated system that serves the need of combined

optimization of interests, including structure, fabricability, topology, shape proximity, and

other additional constraints.

On the other hand, while many existing path planning algorithms are available, li�le

research has been done for planning paths based on speci�cally initialized toolpaths or how to

initialize toolpaths based on speci�c needs. �e research in Project II will examine these areas.

�e research of the novel toolpath generation approach will allow for embedding additional

user-de�ned information with less emphasis on the machining time or toolpath length (the
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main consideration in CNC machining). �is collection of research will provide a di�erent

perspective to look at path planning problems where machine accuracy and time e�ciency

are no longer the main planning goals. As a result, the toolpath generation and planning

approaches will be expanded to serve the diverse needs in di�erent design tasks.





Chapter3

Fundamentals

Almost all processes that are not obviously simple can be viewed as computations of

equivalent sophistication.

— Stephen Wolfram , A New Kind of Science

31
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As research conducted in Project I and Project II contains a large amount of material related

to the CG �eld, and employs methods that are mathematically heavy and not o�en used for

research in the architectural �eld, this chapter aims to provide a general high-level explanation

to some of the important concepts used in the following chapters, aiming to assist the reader

with a be�er understanding of the whole dissertation.

Section 3.1.1 provides some basic explanations of optimization problems without any

mathematical terms, and are aimed to help readers with limited mathematical background.

Section 3.1.2 tries to connect the context described in Section 3.1.1 with the methods used in

the following project chapters with more mathematical contents. �e readers are free to skip

this section without a�ecting the understanding of the rest of this chapter.

Notice that this chapter by no means serves as a tutorial or a beginner’s guide to the

corresponding topics. Please refer to other more complete materials for the details.

3.1 Optimization in a Nutshell

3.1.1 Optimization in Layman’s Terms

What is Optimization? Optimization is the process of choosing the optimal solution from

all the feasible solutions. Optimization is something that people do all times in their routine

life while making decisions: a customer may check the date labels on the milk bo�les and

select the one that was produced latest; a clerk may choose the transport route that takes the

least time or the minimal number of transits to work (with the help of the map so�ware on

his phone); one may pick the most suitable clothes a�er checking the weather report to keep

warm or stay cool.

In the architecture �eld, optimization processes have also been applied in various contexts,

such as optimizing the architectural plan layout for more sunlight facing windows, optimizing

the position of the load-bearing wall for targeted spatial requirements, etc.
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While the optimization processes can be conducted by human beings, as shown in the

above examples, the computation speed of human brains is much slower than that of modern

computers. However, in order to ask computers to conduct these tasks, it is necessary to

de�ne the problem in a way that computers can understand, and develop algorithms for the

computers to �nd optimal solutions following procedural commands.

How to de�ne the optimization problem? An optimization problem will have an objec-

tive function, as known as the target, which is meant to be either minimized or maximized

mathematically. �e objective is a function of the decision variables (the available choices).

For instance, in the above milk example, the objective function is the number of days from

the manufacturing date to today, and the decision variables may be the number of bo�les the

customer may check.

Additionally, the objective function is usually maximized or minimized subject to some

constraints. Constraints are restrictions like the total time the above customer has to buy

milk, or the oldest date that the customer can accept. Similar to objective, constraints are

also a function of decision variables. An optimal value is a feasible solution that generates

the minimum or maximum objective function value. An optimal solution must satisfy the

constraints and give us the largest or smallest value of the objective function, depending upon

whether it’s a maximization or minimization problem. �e milk example is a minimization

problem since the less the day di�erence from the manufacturing date to today, the fresher

the milk is.

How to formulate optimization problems? To abstract a problem in reality into the

mathematical form that a computer can understand, four steps are usually conducted to help

formulate an optimization problem:

1. De�ne the problem—�rst, one starts with the de�nition of a problem and see what one is

trying to solve, for example, minimizing the cost, reducing the time, etc;
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2. De�ne the decision variable(s)—next, one should de�ne the decision variables, usually

by looking into the problems and selecting the variables that are under control and are

likely to in�uence the solution to the given problem;

3. Formulate the objective function—a�erwards, one should formulate the objective function

as an equation that consists of how decision variables relate to the solution in terms

of minimizing or maximizing. �e selection of minimization or maximization depends

largely on the characteristics of the objective, such as minimizing the cost, or maximizing

the pro�t margin;

4. De�ne the constraints—the last step, sometimes optional, is to de�ne all the constraints

in terms of the number of variables that can be produced, or in other words, what are

the restrictions to the solution?

A�er following these four steps, an initial mathematical formulation will be obtained so

that some algorithm(s) can be used for the maximization or minimization process. In reality,

the �nal formulation is usually built up through an iterative process by starting simple and

moving forward by adding more general types of restrictions to the problem.

3.1.2 A Brief Intro to Mathematical Optimization Problem

�is section will provide a brief introduction of the mathematical formulation of optimization

problems1, in order to assist readers with limited mathematics backgrounds to get a glimpse of

the mathematical form of an optimization problem, and how it relates to the context introduced

in Section 3.1.1. It introduces the simplest form of an optimization problem, from which the

formulations in later chapters derive.
1�is introduction is simpli�ed for ease of understanding, and may not be precise in the mathematical sense.

For a more detailed de�nition of numerical optimization problems and approaches to solve them, please refer to
Nocedal and Wright (2006).
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As mentioned above, optimization refers to the class of problems that consists in choosing

the best among a set of alternatives. Even in this simple, imprecise statement, one can identify

the two fundamental elements of an optimization problem:

• best choice, that conveys establishing a criterion to choose the solution; this is usually

expressed by means of an objective function to be minimized (or maximized);

• alternatives, that refer to the set of possible solutions, usually determined by a set

of constraints—-equalities and/or inequalities that must be satis�ed by any candidate

solution.

�erefore, an optimization problem may be posed as follows:

min
x ∈ S

f(x) (3.1)

where S is the set of possible solutions and f : S 7→ R is the objective function. Equation (3.1)

is restricted to minimization problems since any maximization problem can be converted into

a minimization formulation by just replacing the sign.

Additionally, restrictions, if apply, are usually expressed in the form of equality or inequality

constraints in the mathematical formulation of the problem:

min
x ∈ S

f(x) (3.2a)

s.t. gi(x) = 0, i = 0, . . . ,m, (3.2b)

hi(x) > 0, i = 0, . . . , n (3.2c)

where Equation (3.2b) is a set of equality constraints and Equation (3.2c) is a set of inequality

ones. �e algorithms of solving these optimization problems are omi�ed here for ease of

understanding, since it is not the purpose of this chapter.

Problems with the above formulation are called constrained optimization where a successful

solution to these problems will guarantee all the constraints are met, besides obtaining the
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minimum objective. Comparatively, problems formulated in the form of equation (3.1) are

called unconstrained optimization.

Scientists have developed various types of optimization solvers to solve problems formu-

lated into the corresponding type. In general, a constrained optimization problem usually

takes longer than an unconstrained version with similar formulation due to the approaches by

which they are solved.

In many engineering scenarios, many constraints are “so�” rather than “hard”, allowing

the restrictions in reality to be met as much as possible, but not strictly met. �us, some

of the restrictions can be formulated as constraint objectives, namely regularizers. Hence, an

alternative formulation of a constrained problem is given as:

min
x ∈ S

f(x) + αg(x) (3.3)

where g(x) is the constraint objective and α is the weight to control the magnitude that the

constraints are met.

For the optimization problems de�ned within this dissertation, only the continuous types

are considered, where S is “continuous”. In other words, S is a subset of Rn determined by a

�nite (possibly empty) set of equalities and/or inequalities.

Besides, Project I:@ FrameForm employs a constrained formulation as some of the restric-

tions abstracted from the hardware need to be strictly met, while Project II:@ RobotSculptor

employs a unconstrained formulation.

3.1.3 Optimization Involving Fabrication Process

From the discussion in Section 3.1.2, an optimization problem has been illustrated simply as

the following diagram Figure 3.1, where the optimization process will modify the initial data

to the optimized data by ful�lling the restrictions and the optimality criteria.
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Figure 3.1: A simple illustration of an optimization process.

Fabrication-aware optimization has no major di�erence from other types of optimization

mathematically, except for the mechanism that the optimization process works inside the

iteration loop.

To obtain the optimized data, the optimization simulates how the initial data changes during

the fabrication process, and modi�es it based on extracted information from the simulated

results. For continuous optimization problems, gradient-based iterative methods are usually

employed, including the gradient descent method, the Newton’s method, the �asi-Newton

method, the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm, etc.

�e stopping criterion is usually related to the gradient of the objective function f ′(x)

that when the objective function reaches its minimum (either local or global), the gradient

will usually be zero. In practice, a small value ε is usually used as the stopping condition, due

to numerical noises.

Figure 3.2: How the required data is optimized in a fabrication-aware optimization process.
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�us, a more detailed version of Figure 3.1 related to a fabrication process is shown in

Figure 3.2, where the optimization iteratively modi�es the initial data until the process stops

and outputs the optimized data.

3.1.4 Data Initialization for Optimization

One question may be raised from Figure 3.1 and Figure 3.2 what the “Initial Data” actually is.

In the context of robotic fabrication, or the context of this dissertation, to be more speci�c, the

“Initial Data” refers to the data directly usable for the optimization process.

As the input data is usually geometric data, i. e. geometry models, vector �elds, etc., some

geometry processing steps need to be conducted to process the input data and extract the

information desired into the form that the optimization can take. �e input data for Project I is

the surface geometry whose shape the �nal frame structure should match, and the input data

for Project II is the base model that the system would like to sculpt with customized design

styles.

Additionally, both of the projects (see Chapter 4 & 5) utilize a “divide-and-conquer” strategy,

or “global-to-local” strategy in other words, in the processing stage: the input geometric model

is �rst decomposed into smaller sub-elements and various methods are then applied to these

sub-elements individually. �ese two conceptual steps are referred to as Decomposition and

Initialization respectively, and the initialized data of each sub-element is then directly usable

for the optimization process.

�is “divide-and-conquer” strategy bene�ts the research in two ways that 1) it allows �ner

level of control and adjustment to the sub-area of the input model without losing generality

(the methods applied to di�erent sub-element can be either di�erent or same), and 2) it helps to

control the scale of the optimization problems, especially when the variable-time relationship

exceeds quadratic ones.
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Indubitably, the combination of individually optimized sub-elements is usually not the

global optimal solution (as in Project I ), and decisions need to be weighted with other factors

as well. For more details about the speci�c tools and techniques in each of the projects, please

refer to the corresponding sections (Section 4.4, Section 5.5).

3.2 Vector Field Mathematics

�e content in this section aims to provide a high-level overview on some of the methods and

tools about vector �eld processing used in the two projects in the following chapters. �e

discussion here focuses speci�cally on the tangent vector �elds for triangle meshes. Much

of the content is extracted from the SIGGRAPH 2016 course notes Vector Field Processing on

Triangle Meshes (de Goes, Desbrun, and Tong 2016) and the tutorial of geometry processing

library libigl (Jacobson, Panozzo, et al. 2018), and reorganized or re-summarized based on the

topics of this dissertation.

�e vector �elds used in this section are limited to face-based vector �elds, where each

triangle corresponds to one vector. As a triangle is �at, it is particularly convenient to de�ne

a tangent vector on its supporting plane. It is also not di�cult to de�ne discrete notions

of divergence, curl, or even Laplacian of these vector �elds with this se�ing so that the

mathematical tools for processing continuous vector �elds can be translated to discrete triangle

mesh processing with ease.

�e vector �elds used in this dissertation are mostly related to the stress information of a

materialized shape under given loads, or the curvature information embedded in the geometry.

3.2.1 Di�erential operators of Vector Calculus

For vector calculus, there are three basic di�erential operators de�ned on scalar or vector

�elds, and, in a way, “transform” one type to the other.
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Gradient �e gradient is de�ned on scalar �elds and measures the rate and direction of the

fastest change in that scalar �eld.

For a function f(x, y, z) de�ned in the three-dimensional Cartesian coordinate, the gradi-

ent of it is the vector �eld:

grad(f) = ∇f =
∂f

∂x
i+

∂f

∂y
j +

∂f

∂z
k

where i, i,k are the standard unit vectors for the x, y, z-axes, respectively.

�e gradient operator transforms a scalar �eld into a corresponding vector �eld.

Divergence �e divergence is de�ned on a vector �eld and measures the volume density of

the outward �ux of that vector �eld from an in�nitesimal volume around a given point.

For a continuously di�erentiable vector �eld F = Fxi+ Fyj + Fzk, the divergence of it

is the scalar-valued function:

divF = ∇ · F =
∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

Figure 3.3 illustrated the relationship between a vector �eld and its divergence.

Figure 3.3: �e divergence of di�erent vector �elds. Image by Bfoshizzle1; license: A�ribution-
Share Alike 4.0 International.

�e divergent operator transforms a vector �eld into a corresponding scalar �eld.

Curl �e curl is de�ned on a vector �eld and measures the in�nitesimal rotation, i. e. ten-

dency to rotate, about a point in that vector �eld. At every point in the �eld, the curl of that
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point is represented by a vector, whose a�ributes, i. e. length and direction, characterize the

rotation at that point.

For a continuously di�erentiable vector �eld F = Fxi+ Fyj + Fzk, the curl of it is the

vector �eld:

curlF = ∇× F = (
∂Fz
∂y
− ∂Fy

∂z
)i+ (

∂Fx
∂z
− ∂Fz

∂x
)j + (

∂Fy
∂x
− ∂Fx

∂z
)k

where i, i,k are the standard unit vectors for the x, y, z-axes, respectively. �e direction of

the curl is based on the right-hand rule.
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Figure 3.4: �e vector �eld of F (x, y, z) = yi− xj. �e curl of any point inside this �eld except
for the original point is non-zero, and pointing inwards the paper plane.

�e curl operator transforms a vector �eld into another corresponding vector �eld.

Laplacian �e Laplacian is de�ned on a scalar �eld and measures the di�erence between

the value of that scalar �eld with its average on an in�nitesimal volume around a given point.

It equals the divergence of the gradient of a scalar �eld, and represents the �ux density of the

gradient �ow of a function.

For a function f(x, y, z) de�ned in the three-dimensional Cartesian coordinate, the Lapla-

cian of it is the scalar �eld:

∆f = ∇2f = (∇ · ∇)f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
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When the Laplacian of a function is equal to 0, the function is called a Harmonic Function.

�at is,

∆f = 0 (3.4)

which are called Laplace’s equation.

When the value is not 0 but a pre-de�ned function or a non-zero constant, the function is

called Poisson’s equation,

∆f = g (3.5)

where g is o�en given and f is sought. �e Poisson’s equation is o�en used to solve a smooth

�eld, that is f , based on its pre-de�ned boundary conditions, that is g.

�e Laplacian operator gives the corresponding property of a scalar �eld in the form of a

scalar �eld.

3.2.2 Discrete Version of the Operators

For most of the geometries used in CAD, Computer-Aided Manufacturing (CAM) or CG,

unless speci�cally required, only the shape described by the geometric surface ma�ers during

processes like modelling, animation, transforming, etc. More precisely, the models are mostly,

if not all, topological 2-manifold (with or without boundary) and can be represented in triangle

meshes. While the mesh data is stored in a vertex-based format where the coordinates of the

vertices are stored, the vales themselves can be treated as a scalar �eld on the mesh surface—the

above-mentioned operators are theoretically applicable.

In practice, discrete versions of the above operators are thus needed for the vertex-based

mesh data and hshould ave been intensively researched in the CG �eld over the past twenty

years. For ease of understanding, the discrete construction of these operators will only be

brie�y introduced here and will not be expanded, and please refer to the libigl tutorial (Jacobson,

Panozzo, et al. 2018) for more details.
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Gradient For a general triangle mesh whose vertices’ coordinates are stored as matrix f

(which can be seen as the corresponding piecewise linear function de�ned on the mesh), its

gradient can be expressed in the form:

∇f ≈ Gf

whereG is a sparse matrix and can be derived geometrically.

Divergence and Curl As divergence and curl account for the �ux and circulation of a

tangent vector �eld around in�nitesimal loops in the continuous context, the �nite or discrete

version of these two operators can be built upon this de�nition.

Figure 3.5: Discrete divergence and curl operators can be computed by integrating the total
�ux and circulation, respectively, of vertex-based vector �eld around the one-
ring neighbourhood of a vertex.

Figure 3.5 provides one de�nition of the �ux and circulation graphically, based on which

the discrete divergence operator can be implemented (de Goes, Desbrun, and Tong 2016). In

practice, the divergence operators are o�en used implicitly, while the curl operators are more

o�en used in �uid dynamics. Please refer to the corresponding subject for more details.

Laplacian For the discrete version of the Laplacian over piecewise-linear functions on

the triangle mesh, the most popular one is the so-called cotangent Laplacian L, applying

divergence theorem to vertex one-rings. As a linear operator taking vertex values to vertex
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values, the Laplacian L is a n× n matrix with elements:

Lij =



j ∈ N(i) cot αij + cot βij ,

j /∈ N(i) 0,

i = j −
∑
k 6=i

Lik,

where N(i) are the vertices adjacent to (neighbouring) vertex i, and αij , βij are the angles

opposite to the edge eij . Hence, the discrete version of Equation (3.4) is

Lf = 0 (3.6)

3.2.3 Applications

Additionally, several applications directly related to the projects in this dissertation will be

introduced as follows, aiming to provide a high-level understanding of some of the methods.

Laplacian Equation for Field Interpolation �e Laplacian equation in Equation (3.6) is

a common linear system in geometry processing, subject to some boundary conditions. One

common type is the Dirichlet boundary condition, which only �xed some of the values:
Lf(x) = 0, x ∈ Ω

f(x) = f0(x), x ∈ ∂ Ω

(3.7)

where x is the vertex of the mesh, and Ω is the set containing �xed values. Figure 3.6 provides

three di�erent scenarios to interpolate scalar �elds using this technique.

Poisson’s Equation for Field Interpolation In many circumstances, some additional

information is required to be incorporated into the �eld interpolation process mentioned in

Section 3.2.3. In such cases, the additional information needs to be extracted as a function and

be incorporated with the Poisson’s equation.
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Figure 3.6: Di�erent scenarios for using the Laplacian equation with Dirichlet boundary
conditions to interpolate scalar �eld: A. Values �xed on top and bo�om borders; C.
Values �xed along a supporting curve (value interpolated along the curve between 0 and
1); C. Values �xed both on the mesh boundary and the supporting curve inside.

For instance, to interpolate the same scalar �eld but with the stress �eld under a given load,

the following method can be applied to embed how the stress �eld is a�ecting the interpolated

scalar �eld through its divergence, and at the same time keeps the assigned Dirichlet boundary

conditions: 
Lf(x) = ∇ · g(x), x ∈ Ω

f(x) = f0(x), x ∈ ∂ Ω

(3.8)

where ∇ · g(x) is the divergence of the vector �eld, de�ned on the mesh.

�e next chapter provides a realistic application of the above scenario.

Poisson Equation and Geodesic Distance Approximation While exact geodesic dis-

tance computation (Mitchell, Mount, and Papadimitriou 1987) is expensive and cost

O(n2 log(n)), approximate geodesic distance can be computed in a much faster way (Crane,

Weischedel, and Wardetzky 2013) by solving a heat equation on the mesh surface, �ltering the

result and then reconstructing a smooth solution by solving a Poisson equation.

Libigl (Jacobson, Panozzo, et al. 2018) provides an implementation of this method, which

can be applied repetitively for di�erent heat sources to collectively compute the distance �eld

of a mesh (Figure 3.7).
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Figure 3.7: Distance Fields created with individual geodesic distance maps from di�erent
sources using the heat method: A,B. Distance maps with di�erent sources; C. �e
distance �elds created with the above two maps; D. �e �eld with an additional source.

3.3 Conclusion

�is chapter provides a brief introduction of the mathematical concepts and methods used in

this dissertation which are not commonly seen in the architectural �elds. While some of the

concepts may be simpli�ed and re-interpreted for the fabrication context, the core information

should be easily understood.

�e following two chapters in this dissertation will show the real world applications of

these methods, and help the readers to be�er understand the concepts introduced in this

chapter.



Chapter4

Project I: FrameForm

Robotic Fabrication of Structural Metal

Frames

�ere are some natures too noble to curb, and too lo�y to bend.

— Little Women
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Project I: FrameForm

Robotic Fabrication of Structural Metal Frames

4.1 Introduction1

Frame structures made of bent and welded steel bars or wires are omnipresent as a great form

of abstraction art. Applications of this type include furniture design, concrete reinforcement,

sculpture, and architectural components (Figure 4.1). However, while the structures being

�exible and powerful expressions of forms, the fabrication of these structures is o�en time

consuming and labor intensive—the bars need to be deformed �rst and manually welded or

fastened node by node to form a structural object that can take its own weight as well as any

additional designed load (as for the chair example in Figure 4.1). �is challenge applies to the

AEC industry as well, and limits the mass application of this type of structures, even though

one of the most widespread types of frame structures is the rebar structure for reinforcement

concrete.

With the development of robotic fabrication in the AEC �elds, robotic construction pro-

cesses have become more mature and have been proposed for fabricating such structures. For

instance, Brugnaro (2016) described a robotic system for weaving so� linear elements using

the on-the-�y scanning system, and Hack, Wangler, et al. (2017) suggested a robotic system

that seamlessly integrates CNC bar bending, cu�ing, and welding, requiring only limited

intervention by a human (Figure 4.2 le�).

Such processes usually encounter unseen levels of complexity in two scales:

1) how the elements are arranged to form the global shape, and

2) how the elements are connected locally at the node level.

Hack, Wangler, et al. (2017) used a regular grid structure with welding connections for simplic-

ity, and put severe restrictions to reduce the complexity of fabricable surfaces. Notwithstanding

the success of developing this sophisticated robotic fabrication system, the advantage of the

6-axis robot arm was not fully explored and the surface constructed was quite limited.
1Some of the contents of this chapter have been published in Ma, Walzer, et al. (2020)
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Figure 4.1: Applications of frame structures: A. �e 12-meter tall metal frame sculpture “Won-
derland” by Spanish sculptor Jaume Plensa; B. �e Diamond Chair design by Harry
Bertoia; (Image by Sandstein; license: A�ribution-ShareAlike 3.0 Unported.) C. Mesh
Mould Metal (Hack, Wangler, et al. 2017).

�e following three challenges yield potential for future investigations:

• As illustrated in Figure 4.2-right, with a similar regular grid structure, a wider class of

surfaces can be approximated by di�erentiating the space between nodes and adding

“inbetween” bars whenever neighboring bars branch too far apart, or removed whenever

they become too close, but there lacks methods for systematically conducting this

process;

• To approximate large and complex shapes similar to the head in Figure 4.1-A, especially

when the scale of the target is larger than the size of the machine, the surface has to be

decomposed into smaller fabricable units, and be reassembled a�er the fabrication of

the components. It is still a question if there exists a universal decomposition strategies

for di�erent types of geometries;

• It is also unclear how to place and orient bars at the local unit level to achieve an

aesthetically pleasing and structurally-sound metal frame at the global scale.

Using the legacy hardware from the Mesh Mould project (Hack, Wangler, et al. 2017) and

the content discussed above, this chapter describes a fabrication-aware system that aids with

the design of robotically-constructed metal frame structures of high geometric complexity.

Identifying both the geometric limitations and fabrication limitations imposed by the design
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Figure 4.2: �e conceptual abstraction of the rebar Frame compared to the Mesh Mould
project. Le�: the Mesh Mould, robotically-constructed rebar for concrete applications
(Hack, Wangler, et al. 2017). Right: regular structures are insu�cient to achieve high
curvature detail, and it is unclear how to decompose complex shapes into fabricable
units with globally aligned bar structures.

of the end e�ector, the system formulates the whole fabrication process as an optimization

problem and incorporates these limitations as constraints. By solving this optimization problem,

the system successfully provides fabricable results that can be directly fabricated with the

robot arm.

Recalling the classi�cation of the constraints described in Chapter 1, this project places

more emphasis on the local fab-constraints due to the employment of existing parts of the

end e�ector which limits the desired robot motion (the fabrication constraints described in

Section 4.5.3) and prevents the execution of the desired movements. Non-fabrication constraints

are also addressed such that the integrated problem requires the target to be modi�ed (in

the minimum amount for preserving geometry proximity) for compensating the successful

fabrication of an alike version of the same target.
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Figure 4.3: Overview. Given a target surface as the input (Target Surface), an approximate frame
structure with a continuous global parameterization (Global Pa�ern Initialization) is �rst
created to guide an interactive decomposition of the model into smaller units (Decompo-
sition). For each unit, a dense frame structure is initialized (Local Unit Initialization), and
the positions and topology of bars are optimized to meet weight, structural, fabricability,
and aesthetic targets (Frame Optimization). Individual units are then constructed with a
robotic process, and assembled to a monolithic structure (Fabricated Result).

4.2 Overview

As described in Chapter 2, this chapter follows the design-fabrication process that takes a

geometry model as the input model and processes and optimizes the abstracted objectives while

considering both the fabrication and non-fabrication constraints. �e geometry processing

stage decomposes the model into fabricable pieces and initializes a frame structure with the

topology that the hardware can manage, with information obtained from the designed load.

A more detailed overview of the pipeline is illustrated in Figure 4.3. Speci�cally, given

an input shape, an approximate stress �eld under a designed load case is computed �rst.

�is �eld is then used to guide the initialization of a globally-aligned pa�ern with which an

initial frame structure is generated. To assist the user with the decomposition of the model

into fabricable units, the system then provides interactive feedback on where to best place

cuts by taking structural and aesthetic considerations into account. A�erwards, each unit

patch is optimized by modeling both the fabricability and non-fabricability constraints of the

robotic construction process to ful�ll structural and aesthetic requirements while remaining

as close as possible to the desired target surface. To this end, both the position of welded

connections and the inclusions of bar segments are optimized. �e e�cacy of the global-to-

local technique is demonstrated through several examples in this chapter, targeting furniture

design or applications in art and architecture.
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As this project aims to explore how optimization-based methods can help robotic fabri-

cation when the motion is limited (by the legacy hardware), the inherited end e�ector, the

fabrication setup, and the corresponding hardware modi�cation for this project will be intro-

duced �rst in the following section to provide the readers with a be�er understanding of the

starting point. A�erwards, the “global-to-local” strategy used in this chapter, namely the Mesh

Decomposition and Frame Initialization components, will be expanded in detail as a general

framework for fabricating targeted structures of di�erent scales. �en, the Frame Optimization

section follows, with a thorough description of how the objectives are formulated, and how

the constraints, either fabricability ones extracted from the hardware and fabrication process

or non-fabricability ones related to structural stability and geometry proximity, are extracted

and incorporated. �e Demonstrations and Results section will be presented at the end of this

chapter, showing the successfully fabricated examples and the structure stability a�ected by

the decomposition process.

From a general perspective, though this project targets fabrication on a speci�c robotic

process that has already been de�ned 2, the decomposition, global alignment, and local

co-optimization have applications in related processes where a discrete set of entities are

assembled into a large-scale structure.

4.3 Fabrication Setup

�is section provides an in-depth look at the legacy end e�ector from the Mesh Mould project

((Hack, Wangler, et al. 2017; Kumar et al. 2017)), the update of hardware parts that expands

the end e�ector’s range of operations, and the �nal operations allowed in this project. Mr.

Alexander Walzer conducted all the fabrication tasks and the upgrade of the hardware (�e

decisions of the modi�cation were made based on the author’s feedback from the developed
2�e hardware has actually been slightly modi�ed during the development of the project, allowing movement

of one more degrees of freedom to the robot end e�ector.
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computation system and the discussion between Mr. Walzer and the author throughout the

initial period of the project).

For ease of understanding, the technical details for the robot arm and rebars are summarized

at the end of this section in Section 4.3.4 for reference.

4.3.1 End E�ector Legacy

Hardware Before diving into the methodologies and technical details, it is important to

gain a be�er understanding of the robotic fabrication process. As mentioned in Section 4.1,

this project inherits the robot end e�ector of the Mesh Mould project as the main fabrication

tool. �is end e�ector, or tool heads, as referred in the following context, is mounted on a

6-axis industrial robot arm (Figure 4.4).

Figure 4.4: A close-up of the end e�ector and the 6-axis robotic arm with the tool head
mounted.

A descriptive illustration of the functionality of di�erent mechanical parts in the tool head

is given in Figure 4.5. �e tool head is designed to be multi-functional, and combines di�erent

mechanical units to clamp and bend bars, and to insert, weld, and cut bars.

Original Fabrication Actions Developed in the Mesh Mould project (Hack, Wangler, et al.

2017), the legacy hardware allows a series of fabrication operations with industrial-level rebars.
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Figure 4.5: An illustration of di�erent mechanical parts of the end e�ector.

�e fabrication di�erentiates between two sets of bars, the long continuous bars (magenta in

Figure 4.6) that are bent at a discrete set of locations and short straight bars (blue in Figure 4.6)

that connect pairs of continuous bars.

Figure 4.6: Two types of bars: the magenta continuous bars and the blue straight bars.

As illustrated in Figure 4.7, the inherited end e�ector allows for a series of four actions,

namely 1) translating up or down along a continuous bar, 2) bending the continuous bar

with a given angle to the target position, 3) inserting and clamping another straight rebar to

two consecutive continuous bars, 4) cu�ing and electric welding the straight bar to the two

continuous bars,
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�eoretically, the 6-DOF robot arm should allow the end e�ector to conduct the fabrication

process in various orientations, but the actual fabrication task conducted by the end e�ector

in Hack, Wangler, et al. (2017) is �xed in one orientation relative to the fabrication plane (the

tangent plane of the surface at the current fabrication location), where the continuous bars are

aligned towards the vertical direction, for ease of construction, rebar feeding, robot reach, etc.

Figure 4.7: A close-up of the end e�ector and the 6-axis robotic arm with the tool head
mounted.

Conducting these operations, the end e�ector, as part of the Mesh Mould technology,

successfully supports the fabrication of a doubly curved reinforced concrete wall (Hack,

Wangler, et al. 2017) for the DFAB House project (Graser et al. 2020), but also reveals two

limitations that hinder the scope of geometry and stability of the fabricated piece:

• the straight bars can only be inserted perpendicular to the continuous bar where the

robot is a�ached to, and

• the orientation of the end e�ector is limited to the tangent plane of the target surface,

i. e. the plane de�ned by the inserted straight bar and the continuous bar the robot is

a�ached to, to avoid potential collisions between the end e�ector and the fabricated

part.

�e two limitations prevent the end e�ector from either rotating along the continuous bar,

or tilting up or down towards the continuous bar. Speci�cally, the �rst limitation is constrained

by the previous hardware, where a transition sleeve guide is a�ached to the end e�ector

and limits the tilting, while the second limitation is a deliberate choice of the researchers to
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guarantee a collision-free fabrication process. As a result, the end e�ector is always oriented

in the tangent plane of the target surface at its current location, as shown in Figure 4.7.C/D.

However, these limitations also over-restrict the 6-axis robot arm to a quite limited set of

motions, and restrain the geometric complexity of the piece that the end e�ector can fabricate

as well. Hence, certain hardware modi�cations are needed to eliminate barriers and unleash

the capacity of the robot arm3.

4.3.2 Hardware Modi�cation and Prototype Fabrication

Continuous Bar Release Mechanism To transit along the continuous bar, the tool head

needs to be related to a reference point on the bar. �is was achieved by using a short plastic

sleeve of the continuous bar as the guide such that the tool head, to which the sleeve is a�ached,

can transit in the direction of the continuous bar (Figure 4.8).

Figure 4.8: �e transition sleeve guide from the legacy tool head.

However, since the sleeve guide is �xed with the tool head, the tool head can only orient

to the position de�ned by the curvature of the target geometry. �is constraint is indeed not

necessary, as the bending of the rebar and the movement of the robot should be decoupled—the

shape of the geometry should be only de�ned by the bending, and the robot should have more
3�e hardware upgrade can only eliminate the �rst limitation. �e second one, as a deliberate choice of the

previous researchers but not a hardware constraint, requires be�er computational tools to overcome (Section 4.5).
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freedom for manoeuvre. �us, the upgraded version of this guiding system, illustrated in

Figure 4.9, contains two metal pieces which can be closed to form a sleeve-shape guide when

transiting, or opened when the robot needs to move without a�ecting the continuous bar.

Figure 4.9: �e new sleeve guide in its open and closed states.

Clamp Shape �e other mechanism that needs to be modi�ed is the two bronze metal parts

a�ached to the inside of the clamp. �ese two metal pieces touch the rebar directly during

the electric welding, and were originally designed with a cross-sectional shape of a rectangle.

Since the welding quality largely depends on the clamping quality, a stable contacting point

under certain clamping force is thus important. While the clamp works �ne when the tool

head is aligned with the target surface and the inserted bar perpendicular to the two continuous

bars, the metal part on the straight bar side will o�en contact both the straight bar and the

continuous bars, causing a short circuit or weak welding quality.

�is issue was resolved by modifying the cross-sectional area of the metal parts into a

semicircle, as illustrated in Figure 4.10. Whatever the robot orientation is, the clamp will always

contact the centerline of the short straight bar, given the tool head is positioned correctly.

Minimum Insertion Distance Previously in the Mesh Mould project, the inserted straight

bars are evenly spaced along the continuous bars (Figure 4.11-le�), limiting the spacing between
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Figure 4.10: �e modi�ed bronze metal part (le�) and a work-in-progress clamp with one
side metal part replaced (right).

two neighbouring continuous bars. To achieve maximum geometric capacity, dynamic spacing

is aimed. Fabrication experiments are thus needed to �rst obtain the data related to this

fabrication action, including

1) the maximum or minimum distance between the two end points of the straight bars

(constrained by the length of the clamp), and

2) the minimum spacing distance between two straight bars along a continuous bar.

Figure 4.11-right shows some of the fabrication test results, and the data obtained are given in

Section 4.3.4.

Figure 4.11: Insertion Experiments. Le�: the regular-spaced straight bars in the Mesh Mould

project; Right: the fabricated experiments to obtain data for the computational system.
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Prototype To test the completeness and capacity of the upgraded hardware, a prototype

of doubly curved surface was fabricated with the upgraded tool (Figure 4.12). �is prototype

incorporates all the hardware modi�cations made above and highlights the completeness of

the hardware development stage4.

Figure 4.12: �e fabricated prototype for testing the upgraded hardware.

4.3.3 Updated Fabrication Operations

�e upgraded hardware now allows for several additional actions and expands the range of

some other original actions. For ease of understanding, all the actions are grouped into two

atomic operation sets, which are repeatedly executed until a frame unit is built (Figure 4.13):

1. Utilizing the 6 DOF of the robot arm, the head is positioned and oriented along the

le�most or rightmost continuous bar, and the structure held �xed with the clamp unit

while a discrete bend is introduced with the bending unit.
4�is piece of artefact has also been exhibited in Museum für Gestaltung, Zürich, as a part of the exhibition

DESIGNLABOR: MATERIAL + TECHNIK.
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2. �e arm is then positioned and oriented to connect the newly added bend with a location

previously introduced on the neighboring continuous bar. To this end, if in position, the

insertion unit is activated, and introduces a shorter bar segment that is then welded in

place, and cut to length.

Figure 4.13: Two fabrication operation sets. Mechanical clamping, bending, bar insertion, weld-
ing, and cu�ing units are used to implement operations to (1) bend longer continuous

bars and (2) insert, weld, and cut shorter straight bars.

More speci�cally, the fabrication starts with manual pre-bending of the �rst continuous bar,

and a�aching it to a temporary �xture. Subsequent continuous bars are then successively added

to the existing structure. Each continuous bar is a�ached to the previous bar through discrete

bars, starting with the bo�ommost one of a given layer. For each repeatable fabrication unit,

the robotic tool head will: 1) automatically move to the insertion point, 2) spatially align the

tool head to the bending location, 3) bend the continuous bar, 4) align the tool for the insertion

sequence, 5) insert a bar orthogonally, 6) clamp the inserted bar to the two continuous bars,

and cut and double cross-welded to create a robust connection, and 7) moving to the next

insertion point as the starting step of the next bend.
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�ere are some additional considerations regarding how these two atomic operations can

be combined. Since a discrete bending in operation 1 can be skipped, a shorter bar segment

in the middle of a straight section of a continuous bar can be introduced (Figure 4.14, case 1).

Similarly, a shorter bar segment can be ignored during operation 2, allowing frame structures

with discrete bends that are not connected to neighboring continuous bars or only connected

on one side to be fabricated (case 2). Moreover, continuous bars can end, or can be introduced

during manufacturing (case 3).

case 1 case 2 case 3

staggering

Figure 4.14: �ree allowed special fabrication cases and how staggering works at nodes
where two short segments meet.

�ere is one exception: shorter segments can only be welded to continuous bars but not

to one another, and not at the same location. Hence, the short segments that exist at such

nodes are separated with a small o�set in between (staggering). Summarily, while the robotic

fabrication process is speci�c, it enables the fabrication of frame structures of almost arbitrary

network topology.

However, the mechanical units, as well as the dimensions and a �nite number of DOFs of

head and arm, constrain the feasibility of the shapes of the frame structures. For instance, bar

segments have to ful�l minimal length constraints, and angle constraints limit the range of

allowable extreme curvature.
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4.3.4 Technical Speci�cations

While the procedure of the fabrication has been described in Section 4.3.3, technical speci�ca-

tions are provided here for a more in-depth description.

Robotic Setup �e fabrication setup consists of a 6-axis ABB IRB 4600 robot arm with a

40 kg payload, a reach of 2.55 m, and a position repeatability of less than 0.01 mm (Figure 4.5).

�e arm is mounted on an ABB IRBT 2005 linear track and equipped with a process-speci�c,

custom-built end e�ector (Kumar et al. 2017) that is able to

• plastically cold-form continuous rebar with a diameter of up to 6 mm (Grade B500A or

B500B) through a bending mechanism,

• pneumatically cut continuous rebar into straight segments of appropriate length,

• hydraulically clamp a pair of welding electrodes that are actuated by a four-bar linkage,

onto pairs of bars, reaching a maximum of 6 kN pressure, and

• cross-weld shorter bar segments to continuous bars with an industrial-grade resistance

welding setup with a peak output current of 21 kA.

Constraint Bounds From the experiments conducted in Section 4.3, bounds for our fabri-

cation constraints were determined: During insertion of shorter bar segments, the tool head

can tilt backward by 8° (αback = 98°), and forward by 15° (αforw = 105°). �e minimum and

maximum lengths of the bar segments are lsmin = 28 mm and lsmax = 105 mm, respectively,

while the minimum distance between nodes (the minimum length of each segment on the

continuous bar) is llmin = 15 mm. �e bending tool can bend a bar by up to αbend = 60° in

either direction, taking the spring-back angle of 12° into account. �e bending plane constraint

is εplane = cos(20°).

Steel Bar For fabrication, the rebar used in this project follows the European standard BS

EN 10080: B500A rebar with a diameter of 4.5 mm and a material strength of σc = 500 MPa.



4.4. Mesh Decomposition and Frame Initialization 63

�e Young’s modulus of the material is E = 210 GPa, and its shear modulus is G = 150 GPa.

For the continuous bars in the Le�er Wall Elements in Section 4.6, the 6 mm B500B rebar with

the same material properties is used for structural reasons, because of the scale of the artefacts.

4.4 Mesh Decomposition and Frame Initialization

For the design of a globally coherent, structurally-sound, and visually-pleasing monolithic

frame structure, a good initialization is the key. �e project in this chapter adopts a recent

stripe pa�ern approach (Knöppel et al. 2015), feeding it with the �eld information derived

from an analysis of stresses. Additionally, the method is also used as the decomposition guide

for targets that are in reality beyond the robot reach. Overviews of the decomposition and

initialization pipeline are illustrated in Figure 4.15 and Figure 4.16 respectively.

To allow the fabrication of models beyond scale of the robot reach, or with local curvature

too high, a decomposition strategy is developed to cut the input mesh into smaller units.

�eoretically, the user can feed in the smaller unit pre-decomposed from any CAD so�ware

and only ask the system to initialize each of the units with a regular frame. However, a frame

structure consisting of units with randomly-aligned elements would be 1) di�cult to assemble,

2) visually-displeasing, and 3) cut into units across structurally-relevant stress lines.

�us, in order to decompose the input models in a structurally-informed manner, the

frames are related to the stripe pa�ern discussed in Knöppel et al. (2015). By using the principal

stresses to guide the stripe alignment, and their magnitude to guide the stripe density, the

system generates globally continuous pa�erns with branching points to maintain regular

spacing.

Moreover, the system bases the pa�ern generation on a stress �eld to generate stripes

that align with global stress lines (Pellis and Po�mann 2018). Aligning continuous bars with

stress lines and assisting the user with the informed decomposition along these lines, the



64
Project I: FrameForm

Robotic Fabrication of Structural Metal Frames

structure’s load-bearing capacity can be increased signi�cantly because stress-aligned bars

absorb external loads with axial stresses instead of transverse stresses and moments.

4.4.1 Stripe Pattern and Mesh Decomposition

Figure 4.15: Mesh Decomposition. To obtain an initial stress �eld, the FEM simulation is run
on the input surface with a standard shell model (Load and Force Field). �e �eld is
then smoothed and weighted as an intermediated �eld for the next step (Intermediate
Field). To globally align frame structures, a stress-aligned stripe pa�ern is generated
where stripes align with a principal stress �eld (Stripe Pa�ern). �e user then is
allowed to select decomposition locations, using the stripe as a guidance (User-assisted
Decomposition).

Principal Stress Aligned Stripe Pattern For the frame structures discussed here, the

continuous bars form most of the load-bearing capacity of the structure, while the discrete bars

only partially help to absorb and transfer loads. To create a decomposition and subsequent

initialization for a structurally-sound frame, the designing stage therefore aims to include this

knowledge of stress lines and the orientation of the continuous bars into the whole pipeline.

�e initial surface structure is imported as the input model and treated as a standard

shell (Preisinger and Heimrath 2014) for structure analysis. For realistic reasons, only small

de�ection is allowed and linear elastic material is thus applied globally. �e input model is

then loaded with a user-speci�ed load and analyzed (Figure 4.15 Load and Force Field). For

every point on the parameterized surface, the Cauchy stress and the principal stress can be

computed, as well as its direction and magnitude in the tangent plane. Since small stresses

tend to be noisy for non-trivial and tessellated input, and the alignment of bars with principal
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stresses is most important in high-stress regions, the original principal stress �eld is smoothed

and weighted. To this end, the Globally Optimal Direction Fields approach by Knöppel et al.

(2013) is employed with the �eld of vectors whose magnitude is set to the squared principal

stress, pointing in the direction of the principal stress.

To generate an aligned stripe pa�ern, the resulting smoothed vector �eld (Figure 4.15,

Intermediate Vector Field) is then provided as the input to the pa�ern generator proposed in

Knöppel et al. (2015). Besides a vector �eld, the generator takes a scalar �eld that controls

the desired density of stripes as an additional input. For regions with zero principal stress,

this second parameter is set to the lowest bar density supported by our fabrication process.

Similarly, the maximum supported bar density is assigned to the parameter at where the

principal stresses peak. Linear interpolation of the density value is conducted for the stresses

between the two extremes.

�e stripe pa�ern generator is then run twice, to align longer continuous bars and shorter

straight bars with the principal stresses and the principal stresses in orthogonal directions,

speci�cally. �e vectors in orthogonal are obtained by rotating the smoothed vector �eld by

90 degrees. �e result is a pair of parameterizations that can be plugged into a symmetric

periodic function like the cosine to visualize the stripes (Figure 4.15, Stress-Aligned Stripe

Pa�ern).

Structurally-Informed Decomposition To assist the user with the decomposition, suit-

able locations are chosen by the user himself on the input model with visualized stripe pa�ern.

�e system will trace out a cut by following the isolines in either direction until the cut

reaches the boundaries or an already introduced cut (see red lines in Figure 4.15, User-assisted

Decomposition). Interactively adding and removing cuts, the user can quickly converge to a

structurally-informed decomposition.
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Figure 4.16: Frame Initialization. Assisting the user with the decomposition of the model along
stress lines (Decomposition, cuts in red), the pipeline initializes parameterizations (Local
Parameterizations) to generate longer continuous bars, and shorter straight bar segments
(Extracted Frame). Branches are added accordingly to maintain a general density
(Additional branches). Shorter bars are then staggered for fabricability (Staggered
Frame).

4.4.2 Local Frame Initialization

�e decomposition only provides surface patches of valid size, and a frame structure is

initialized from the patches a�er decomposition for every fabricable unit. To achieve the best

possible result with the developed topology and shape optimization, the initial frame structure

should be as close as possible to ful�lling our fabricability constraints. �e stripe pa�ern helps

with this task as stripes can be regularly spaced within the range of densities that the robotic

construction system supports. However, a hard constraint when initializing frames is that

longer continuous bars can neither cross nor overlap. �e same situation holds for shorter

straight bar segments.

To extract frames that meet these desiderata, a similar method to the routing approach

proposed by Pereira, Rusinkiewicz, and Matusik (2014) is used. Instead of routing in 3D, the

parameterization is solved so that it enables the extraction of continuous bars along stress lines

from one boundary to its opposite, and shorter bars in orthogonal directions, respectively.
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For this reason, the boundary of a unit patch is split into four segments, and two non-

consecutive segments are assigned with the values 0 and 1. �en, a scalar �eld s de�ned at

every point x ∈ Ω on the patch surface is needed so that its isolines of constant value are

in the interval [0, 1] and align with the stripe pa�ern, and that the start and end points of

these isolines are on the other two non-consecutive boundary segments (Figure 4.16 Local

Parameterizations). Inspired by the energy formulation used for Poisson Image Editing (Pérez,

Gangnet, and Blake 2003), the above scalar �eld whose gradient aligns with the guidance �eld

g(x) is computed and set to a scaled version of the stripe pa�ern �eld, rotated by 90 degrees:

min
s(x)

∫
Ω
‖∇s(x)− g(x)‖2dx s.t. s(x) =


0 for x ∈ ∂Ω0

1 for x ∈ ∂Ω1.

�e unique minimizer of this energy is found by solving the corresponding Poisson problem

∆s(x) = ∇·g(x) for the scalar �eld. �is process is conducted twice for the two corresponding

directions by alternating the boundary segments and rotating the guidance �eld by another 90

degrees.

�e initialization of a frame structure starts by �rst tracing continuous bars that are

su�ciently far apart in the �rst parameterization and adding additional continuous bars that

end and start at branching points if neighboring bars are not su�ciently dense. �en the

second parameterization is used to trace along orthogonal directions (Figure 4.16 Extracted

Frame). �e staggering process of the shorter straight bar segments is conducted a�erwards as

weld connections between shorter and longer bars cannot be introduced at the same location

(Figure 4.16 Staggered Frame).

While experiments with multiple load cases are not employed, a smooth maximum of the

principal stress �elds should be su�cient when initializing the structures.
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4.5 Frame Optimization

A�er initialization, the input model is decomposed into units consisting of a dense set of bars,

“zippering” well at the unit-unit interfacing boundaries. �e la�er is achieved properly by

aligning unit boundaries with global stress lines, and by using 0 b to 1 boundary conditions

for the generation of the two local parameterizations.

However, while bars are regularly spaced according to densities supported by the robotic

process, there are various other fabrication constraints that limit the shapes of a fabricable

unit. For instance, the maximum bending angle, and potential collisions between the tool and

the fabricated object, limit the magnitude of the local curvature that the system can achieve.

Moreover, bars can likely be removed if the stresses in other bars do not exceed their limits

under the designed loads.

�us, an optimization process is required to overcome these issues. �is project parameter-

izes the locations of weld connections and bends, and assigns continuous inclusion variables

to the shorter straight bar segments that range between the maximum cross-sectional area

(keep the bar) and zero (remove the bar). Co-optimizing the strength-to-weight ratio together

with a target matching objective under strict fabricability constraint, the optimization gener-

ates construction-ready unit frames that can be welded together to form a sound monolithic

structure. Furthermore, with a regularizer favoring regularly-spaced bars, and an objective

enabling the embedding of artistic targets, the system provides the user with mechanisms to

control artistic aspects of the optimization outcome.

4.5.1 Representation and Analysis

As the topology of the resulting structures is a graph G = E ,V that consists of a network of

straight bar segments E , and deformations are expected to remain within the small strain,

elastic domain, standard frame modeling lends itself for analysis ((Logan 2011)). For frames, in
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contrast to the more widely used truss modeling, both forces and moments are transferred at

connections V .

Figure 4.17: Representation and Analysis. Parameterized rest con�guration (le�), and its de-
formed con�guration (right).

As illustrated in Figure 4.17, nodes pi is represented as 3D points that displace to locations

pi + ui when loads or moments are applied to the structure. To quantify local orientation

changes at node i, rotations around the axes in the global coordinates are quanti�ed with a

set of three angles φi ∈ R3. When de�ning inclusion variables, A di�erentiation between

shorter straight segments Es and segments El that belong to longer continuous bars exists. As

longer continuous bars need to always exist and cannot be removed, area parameterization

only happens to the shorter segments with scalar variables aij .

When optimizing the strength-to-weight ratio of a frame while keeping stresses within

limits, it is important to be able to quantify how changes to shape and topology a�ect the

compliance of the overall structure, and the stresses in individual bars. To this end, we minimize

the total potential energy

fsim(u,φ) =
∑

(i,j)∈E

Eint
ij (aij ,pi,pj ,ui,uj ,φi,φj)−

∑
i∈V

Eext
i (ui,φi)

to �rst-order optimality. �e internal energy Eint
ij stored in every edge (i, j) depends on the

cross-sectional area of the bar, and the positions, displacements and orientations of adjacent
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nodes, and can be represented as

Eint
ij =

1

2

[
(ui − uj)

TAij(ui − uj) + (ui − uj)
TBij(φi + φj)

+(φi − φj)Cij(φi − φj) + φiDijφj
]

where the elemental sti�ness matrices (Logan 2011)

Aij = RT
ij


Eaij
lij

0 0

0
3Ea2ij

πl3
ij

0

0 0
3Ea2ij

πl3
ij

Rij , Bij = 2RT
ij


0 0 0

0 0
3Ea2ij

2πl2
ij

0 −
3Ea2ij

2πl2
ij

0

Rij ,

Cij = RT
ij


Ga2ij
2πlij

0 0

0
Ea2ij
πlij

0

0 0
Ea2ij
πlij

Rij , Dij = RT
ij


0 0 0

0
3Ea2ij
πLij

0

0 0
3Ea2ij
πlij

Rij

depend on the constant rotation matrix Rij that rotates the vector eij = pi−pj to the global

x-axis [0, 0, 1]T , the rest length lij = ‖eij‖ of the bar, its cross sectional area aij , and the

Young’s and shear moduli E and G, respectively.

�e external energy at node i sums up the work Eext
i = fTi ui + mT

i φi that external

forces fi and moments mi do on the structure. Since the analysis objective is quadratic in

the deformation variables for a linearly elastic material, the optimal displacements u and

orientations φ can be computed by solving a linear system of equations (Logan 2011).

Accordingly, the next goal is to minimize a design objective over a constraint manifold

spanned by an equilibrium constraint, lower and upper bounds on cross-sectional areas,

fabricability constraints, and bounds on allowable stresses

min
a,p

fdesign(a,p,u,φ) s.t.

∇(u,φ)fsim(u,φ) = 0,

0 ≤ aij ≤ amax, (i, j) ∈ Es,

(fabrication. constraints, Section 4.5.3),

(stress bounds, Section 4.5.4).

Holding external loads and moments �xed, the structure’s response changes if we alter the

design parameters. Hence, the displacements and local orientations implicitly depend on the
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cross-sectional areas a and nodal displacements p. �is dependency will be further discussed

towards the end of this section.

�ough this minimization can be solved on the monolithic structure for smaller input, the

number of variables and constraints make numerical optimizations prohibitively expensive

for larger targets. To make optimizations scalable, the project employs a “divide-and-conquer”

approach: 1) analyze the monolithic structure under user-speci�ed loads and moments, 2) ex-

tract the forces and moments along the unit patch boundaries that preserve the equilibrium

state at the individual unit-level, and 3) solve instances of the above design optimization on

the unit level by se�ing the local “external” forces and moments to the extracted set.

�ough for the demonstrations shown in this chapter, the magnitude of the load cases is

relatively moderate and the above strategy is not necessarily needed, the strategy o�ers an

opportunity to alternate between the global analysis and local design optimizations and to

solve the la�er in parallel. �ese global-local strategies, while heuristic in nature, have proven

e�ective in various applications in CG �eld (Bouaziz et al. 2014; Sorkine and Alexa 2007). By

introducing per-load-case displacements and orientations, the developed design optimization

could further be used to determine optimal frame structures under a multitude of load cases.

Before introducing fabrication constraints and stress bounds, a set of objectives will be

introduced which enables the generation of structurally-sound and aesthetically-pleasing

frames at the furniture and architectural scale.

4.5.2 Design Objectives

Design objectives are formulated to balance structural, target matching, and artistic targets.

Strength-to-Weight Ratio To remove bars that are not needed, an objective for topology

optimization is formulated to minimize a weighted sum of the overall volume and compliance
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Figure 4.18: Design Objectives. �e target matching objective (le�) keeps frames close to the user-
speci�ed input, while the regularity objective penalizes di�erences between the initial
and the current rest con�guration (middle, le�), and favors smoothness for segments
belonging to continuous bars (middle, right). To embed artistic targets, the connector
points are moved towards a�raction directions that are computed from a user-speci�ed
scalar �eld (right).

of the structure

fs-to-w =
1

V0

∑
(i,j)∈E

Vij + α
1

C0

∑
i∈V

Eext
i (ui,φi). (4.1)

�e volume Vij of segment (i, j) is either set to aij or amax times its length ‖pi−pj‖, depending

on whether the cross-sectional area of the corresponding bar is parameterized or not. For

normalization purpose, the two terms are divided by the volume V0 and compliance C0 of the

initial structure, respectively. �eir relative importance is controlled by the factor α. To favor

sparse solutions, the approximate L0-regularizer (Skouras et al. 2013)

1

|Es|
∑

(i,j)∈Es

(
a2
ij

) 1
γ (4.2)

is added to the objective. �e parameter γ > 2 to 3 is set for all the demonstrations, and the

term is normalized by dividing it by the number of edges with parameterized cross-sectional

areas.

Target Matching Circumstance may exist that when the initial frame structure approxi-

mates the target surface well, the optimization may move nodes away to ful�ll fabrication,

or other objectives or constraints. �erefore, to keep frames close to the target, the signed

distance of connections is penalized to an implicit representation of the input mesh (Öztireli,

Guennebaud, and Gross 2009). For this reason, the signed di�erence is minimized between
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nodes i and neighboring surface points xj with normals nj (compare with Figure 4.18 le�)

ftarget =
1

|V|
∑
i∈V

1

2

(∑
j n

T
j (pi − xj)wij(pi)∑

j wij(pi)

)2

, (4.3)

and across sharp corners or edges (Öztireli, Guennebaud, and Gross 2009). �e la�er enables

the preservation of sharp features, and the weights wij decay with the distance between pairs

i and j.

Regularity �e penalization of irregularity is conducted by minimizing the di�erences

between the initial and current rest length of segments, and the initial and current angle

between adjacent pairs of edges from the sets Es×El and El×El (see Figure 4.18 middle). A�er

de�ning the oriented edge eij = pj − pi, the di�erences in rest lengths with per-edge terms
1
2(||eij || − ||e0

ij ||)2 are penalized. Similarly, the di�erences in rest angles βijk = ∠(eij , eik)

between pairs of edges are penalized by minimizing terms of the form sin2(βijk − β0
ijk).

Note that the use of the squared sine enjoys the advantage to express the term with dot- and

cross-products between the two oriented edges.

While sine-penalty is used for both types of adjacent edges, another term is needed to

penalize deviations from straightness, and to discourage proximity to bending angle limits for

pairs of segments belonging to a continuous bar. �is choice tends to help with circumnav-

igating local minima, and positively a�ects fabrication time also. For this reason, the term

(1 + cos(βijk))
τ to measure the deviation of the angle βijk = ∠(eij , eik) from 180 degrees is

chosen, and the penalty parameter τ is set to 5 for all our demonstrations.

Summing up the individual penalty terms, normalizing the three penalty types by dividing

by the number of edges, or adjacent edge pairs in the sets Es × El and El × El, and weighing

them, the optimization obtains the regularity objective freg.

Artistic Targets Embedding �e artistic targets embedding requires an input from the

user, which is de�ned in a scalar �elds s(x) on target surfaces.�e surface points xj will
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a�ract connectors if they have positive values s(xj) > 0, or repel them if they have negative

values s(xj) < 0. To de�ne the direction a connector i should move toward, the scalar �eld

for surface points in a neighborhood of the initial position p0
i (Figure 4.18 right) is evaluated

by computing an average a�raction direction

di =
∑
j

s(xj)w(‖p0
i − xj‖)

p0
i − xj

‖p0
i − xj‖

, (4.4)

where the weight of the a�raction and repulsion forces for points is based on the relative

distance p0
i , and decays with w as the distance increases. �en the measurement of whether

connectors move toward these directions is conducted by minimizing

fart =
1

|V|
∑
i∈V

dTi
(
pi − p0

i

)
. (4.5)

While the a�raction directions are kept constant, they could be updated by exchanging

the initial connector position in di with its current position. �is is in particular important if

the frame structures are expected to move signi�cantly. For this implementation, the decay

function w(‖p0
i − xj‖) = 1

1+‖p0
i−xj‖

is chosen. While this is a good choice if the a�raction

directions remain constant, a function with a �nite neighborhood is desirable if the a�raction

direction is dependent on the current positions pi.

Figure 4.19: Fabrication Constraints. To avoid head-frame collisions during robotic assembly, we
limit the bending angle and bending plane for segments that belong to longer continu-

ous bars (le�), and the insertion angle for shorter bars that connect two neighboring
continuous bars (right).
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4.5.3 Fabrication Constraints

While the design objectives trade o� functional and aesthetic targets, there are several hard

limits posed by the robotic fabrication process, namely: 1) the angle and construction plane for

a discrete bending operation, 2) the length of continuous or straight bar segments, 3) the angle

for an insertion operation of a shorter segment, which is constrained by the robot-artefact

collisions, and 4) the limited degrees of freedom of the head w. r. t. the continuous bar it is

moving along.

Bending Angle and Plane �e bending tool has a �xed limit of the bending angle, i. e. the

angle between adjacent bar segments from the set El × El, which is constrained to be smaller

than or equal to the maximum bending angle αbend with constraints of the form (Figure 4.19

le�)

∠(−eil, eik) ≤ αbend. (4.6)

Besides, the bending process applied to the continuous bars conducted by the bending tool

is constrained in a plane perpendicular to the direction which the insertion tool is extruding

shorter straight bar segments toward. To avoid robot-artefact collisions when introducing a

bend at location i, the preference is given to the circumstance where the normal of the bending

plane lies in, or close to the local tangent plane at i.

�e tangent plane at i is approximated by the two vectors: the directional vector of the

already fabricated segment eil, and that of the yet-to-be-inserted, shorter segment eij . �en,

the constraint will prefer the dot product between the normal of the bending plane, eil × eik,

and the normal of the tangent plane, eil × eik, to not deviate too far from orthogonality

(eij × eil) · (eij × eik) ≤ εplane. (4.7)

Bar Length �e discrete bars that are inserted between continuous bars are welded using an

electronic welding clamp whose size limits the length that these bars can have. Additionally,
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the tool head has to move along the continuous bar to bend and insert sequentially. �ese

processes pose a requirement that the shorter discrete bars should be short enough so that the

clamp can �x its both ends simultaneously for a successful weld, and long enough so that the

space between the two end points, i. e. distance between two neighbouring continuous bars,

will not block the movement of the robot. Together, these constraints introduce a lower and

upper bound, lsmin and lsmax, on the length of shorter, straight bar segments:

lsmin ≤ ‖eij‖ ≤ lsmax, (i, j) ∈ Es. (4.8)

Similarly, the size and functionality of the tool head impose a minimal distance constraint

between consecutive bends along continuous bars

llmin ≤ ‖eij‖, (i, j) ∈ El (4.9)

where llmin is the lower length bound.

Insertion Angle To insert a shorter bar segment, the tool head has to tilt forward or

backward 5 (Figure 4.19 right), and the amount the head can tilt before colliding with the

structure is limiting the two angles between the three oriented bars connecting i to j, k, and l

∠(eij , eil) ≤ αback and ∠(eij , eik) ≤ αforw. (4.10)

4.5.4 Stress Bounds

Apart from ensuring fabricability, the structural instabilities must be avoided to guarantee the

validity of a physical artefact. For this reason, the axial stress

σij = Eεij = E
‖(pj + uj)− (pi + ui)‖ − ‖eij‖

‖eij‖
. (4.11)

in segments (i, j) is constrained to be within the yielding and buckling stress limit

|σij | < σyield, and σij > −
1

amax

π2EI

(K‖eij‖)2
, (4.12)

5this is one of the main improvements achieved from the hardware modi�cation.



4.6. Demonstrations and Results 77

respectively (Logan 2011). �e column e�ective length factorK in Euler’s critical load criterion

is set to 1.2, the Young’s modulus E to the tabulated value for the steel in use, and the area

moment of inertia to I = 1
4πa

2
max. Additionally, amax instead of aij is deliberately chosen in

the criterion. Albeit this choice overestimates the buckling resistance for intermediate states,

it guarantees that the constraints will be ful�lled if non-zero cross-sectional areas are set to

amax a�er optimizations.

4.5.5 Implementation Detail

Using the KNITRO (Byrd, Nocedal, and Waltz 2006) solver, the optimization problem is solved

with KNITRO’s implementation of the interior point method with BFGS. All constraints are

treated explicitly, with the exception of the equilibrium constraint, which is implicitly enforced

by updating the deformation variables u and φ whenever the design variables are changed.

�is requires the determination of the derivatives of the deformed con�guration w. r. t. design

variables, which can be computed by applying the implicit function theorem.

�e GUI is developed in the C++ programming language (C++) language, using the Qt

library as the main graphic library. All the initialization and optimization components are

integrated into the same interface, providing the user with an interactive all-in-one solution the

whole pipeline. A screenshot of the interface is provided in Figure 4.20. A list of open-source

libraries used for the implementation can be found in the AppendixB.3.

4.6 Demonstrations and Results

�e computational technique developed above has been veri�ed to optimize and fabricate

a stool and table design (Figure 4.22, Figure 4.24), as well as two wall elements with

engraved le�ers (Figure 4.26), as demonstrations of the successful use in furniture design and

architectural ornamentation. In addition, several in-simulation examples are demonstrated

in this section, as an evaluation under changes to load cases, target surfaces, and artistic
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Figure 4.20: �e FrameForm GUI.

Figure 4.21: A collection of demonstrations optimized and fabricated using the system de-
veloped for this project.
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targets, besides an analysis of our decomposition strategy and the direction-dependence of

the optimized results. �e optimization parameters are reported in Section 4.6.1.

4.6.1 Fabrication Demonstrations

Stool and Table Furniture, such as stools and tables, must withstand extensive live loads

from a person si�ing on them, or loads of objects placed onto them. For both models, the

ground nodes are kept �xed, and a uniformly distributed load of 1500 N is applied at the top,

pointing in the direction of gravity (Figure 4.22, Figure 4.24).

As both models are signi�cantly narrower in the mid-region and widen towards the

two ends and formed in a circular shape, direct fabrication is thus not possible due to the

robot-artefact collision—the robot arm will collide with the fabricated piece before the model

closes. A decomposition into at least three units for both models is necessary (Figure 4.23,

Figure 4.25). To bridge the gap between the longer continuous bars in regions of varying

curvature, the initialization inserts additional shorter continuous bars as the branches. For

the table which owns a higher variation in curvature, up to three branching bars are added

between the continuous bars that run along the full height of the model. During shape and

topology optimizations of the individual units, shorter bar segments that are not necessary for

structural integrity are removed.

A�er fabrication and assembly, wooden seats or top surfaces are added to make these

furniture functional, as well as the bo�om supporting plate (Figure 4.21). As reported in

Section 4.6.1, the structural optimization improves the collapse load limits of the structures

with minimum or unnoticeable modi�cation to the surface.

Considering principal curvature, the stool and table examples consist of points of elliptical

(both principal curvatures have the same sign), hyperbolic (opposite sign), parabolic (one set

to zero), and planar type (both set to zero). In summary, if the input model is decomposed into

units that consist of points at which the two principal curvatures are 1) bound from above
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Figure 4.22: Stool. A top load of 1500 N is applied to the stool example, resulting in regions of high
stress at the top of the model (top). �e computational technique generates a structurally-
sound frame model (bo�om le�) that is fabricable with the robotic fabrication approach
(bo�om middle, right).

and below with a constant of moderately high value, and 2) vary su�ciently slowly along the

shortest path between any pair of points, the employed global-to-local strategy is expected to

produce the desired fabricable output.

Letter Wall Elements Beyond designing fabricable and functional output, the system also

supports the embedding of artistic input by applying a user-speci�ed a�raction �eld s(x)

(Section 4.5.2) to the structure. �e optimization will then solve for a frame structure that

balances structural properties and fabrication constraints, and complies to the artistic target

at the same time.

�is approach is demonstrated on curved wall elements with embedded le�ers (Figure 4.26).
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Figure 4.23: Stress visualization of the stool example. During the design process, the stool ex-
ample is split into three units (center). For each unit, the stress distribution is visualized
before (le�) and a�er (right) optimization.

�ese 1.5 m tall wall elements are intended to withstand a moderate vertical load of 300 N. �e

initialization creates a regular structure from the input surface to ideally absorb these forces.

�rough an a�raction �eld de�ned by a texture image, the optimization then computes for the

le�ers S and I to appear. As removing bars will distract the visual appearance and perception of

the le�ers, only node positions of the structure are optimized, leaving the topology unchanged.

�ese le�er examples demonstrate for models of increasing curvature, how weld connections

can move signi�cantly along, and in close proximity to the target surface, without ge�ing

trapped in local minima.
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Figure 4.24: Table. �is example is subject to a 1500 N top load (top). During the initialization,
up to three branching shorter continuous bars are added to bridge the gaps due to the
extreme changes in circumference along the height of the model.

Model Stool Table Letters
Patch 1 2 3 1 2 3 S I

Grid contin. 5 5 5 4 4 4 15 15
discrete 10 10 10 17 17 17 19 21

Weights

ws-to-w 2 2 2.2 2 2 2 2 2
γ 1.5 1 0.9 1.5 1.5 1.5 1.5 1.5
wsparse 2.5 3.4 3 4 4 4.4 - -
wtarget 5 5 5 5 5 5 10 10
wreg,length 0.01 0.07 0.01 0.04 0.03 0.03 0.03 0.03
wreg,sine - - - 10 10 10 - -
wreg,cosine 110 150 160 260 200 200 400 400
wart - - - - - - 1300 1200

Opt Runtime 2m 4m 2m 11m 6m 19m 67m 119m
Collapse initial 4510 N 5105 N 75 N 365 N

Load opt. 4695 N 5150 N 305 N 410 N

Table 4.1: Statistics Summary: �is table reports the size of initialization grids (without additional
continuous bars), the objective weights, optimization timings for the fabricated examples,
as well as the collapse loads before and a�er optimization. �e timings were collected on
a 4.0 GHz Intel Core i7-6700K quad-core processor with 32 GB of RAM.
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Figure 4.25: Stress visualization of the table example. �e visualization of the three patches
shows an improvement a�er structural optimization (compare le� to right), resulting in
a higher collapse load limit (Section 4.6.1).

4.6.2 Results Comparison

Parameter Modi�cations Changes to loading scenarios can have a signi�cant e�ect on

the resulting structure. Figure 4.27 shows an optimized wall element under three di�erent

loading scenarios: top load, shear load, and cantilever load. Only for the top load case, the

continuous bars align well with stress lines, leaving shorter bar segments room to align with

an artistic target. For the other two load cases, the optimization favors the structural integrity

of the result—de�ned through constraints—at the expense of the artistic intention.

Decomposition Analysis As demonstrated with a curved, uniformly loaded wall element

with a bulge in its center in Section 4.6.2, the decomposition strategy results in a very sub-

stantial decrease in optimization runtime (10 min vs. 1 h31 min) at the cost of higher average
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Figure 4.26: Artistic targets embedding intoWall Elements, using only shape optimization.
Starting from a regular frame (le�), the optimization arrives at a solution that “embeds”
the le�ers S and I through variations in densities and orientations of bars (center). �e
fabricated models maintain this visual appeal (right).

displacements and stresses. Note that both optimized models are fabricable.

Direction-Dependence To study the direction-dependence of the load carrying capacity

of structures (Section 4.6.2), a comparison analysis is conducted by uniformly loading a wall

element with a bulge in its center from the top (vertical, with nodes at the base �xed), and

the side (horizontal, with boundary nodes on the opposite edge �xed). As expected, the

performance of the structure is best if long continuous bars align with the direction of the

load case (vertical). At the cost of additional weight, the optimization can compensate for the



4.6. Demonstrations and Results 85

top load: 300 N shear load: 100 N cantilever load: 150 N
wart : 1300→ 1400 wart : 1300→ 1600

wlength : 0.03→ 0.04

Figure 4.27: Sensitivity to Load Cases. Changes to the loading scenario of our top-loaded wall
element S (le�) result in signi�cantly di�erent optimization results. Under a shear
(middle) or cantilever load case (right), the load carrying capacity of the structure is
signi�cantly lower, and the artistic intent can no longer be fully expressed.

top load: 400 N top load: 400 N
wtarget : 10→ 13

Figure 4.28: Higher-Curvature Target Surface and Artistic Input Modi�cations. Replacing
the target surface for the S with a more curved surface changes the resulting frame
structures (le�), the artistic intent can still be emphasized by the optimization. Similarly,
the artistic target can as well be exchanged, for instance, by using a G texture as the
input (right).
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Model initial no decomp. 2×2 decomp.
Weight 8.4 kg 7.2 kg 7.2 kg

Avg. Stress 7.1 MPa 6.4 MPa 9.1 MPa

Avg. Displ. 1.61 mm 1.50 mm 2.21 mm

Fabricable no yes yes
Opt. Runtime - 1 h31 min 1h 31m 10m

Table 4.2: Decomposition Analysis �is table reports the weight, average stress in bars, average
displacement of nodes, as well as the runtime of a global optimization, and a subdivision
into 2×2 units.

performance gap in structural strength (horizontal).

4.7 Discussion

�e Frameform project presented in this chapter developed a full system to integrally design

and optimize metal fabricable frame structures from an input mesh geometry for an upgraded

end e�ector inherited from the Mesh Mould project. �e system employs a “global-to-local”

strategy for processing the geometry and solves a constrained optimization problem to resolve
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Load vertical horizontal
Model initial optimized initial optimized
Weight 6.5 kg 5.3 kg 6.5 kg 5.8 kg

Max. Stress 199 MPa 167 MPa 224 MPa 161 MPa

Table 4.3: Direction-Dependence. �is table reports the analysis of the weight and maximum
stress for a wall element optimized under either vertical or horizontal loading. �e
topology objective successfully removes the bars around the curved area, as forces are
transferred directly in the �at area. �e optimization also maintains some of the bars near
the curved area to resist buckling.

all the requirements posed by fabricability or non-fabricability constraints.

Apart from the very hardware-speci�c contributions concerning geometric topology and

fabricability constraints formulation, this project, in a wider perspective, showcases a general

strategy for robotic fabrication processes targeting structural assemblies where a discrete set

of entities is assembled into a large-scale structure.

�ough the “global-to-local” approach scales well with the number of bars, it introduces

inconsistencies in forces and moments along unit boundaries. �e optimization of the local

units also does not guarantee a necessary global optimal result a�er combination. Since it is

not di�cult to check the structural stability of the �nal optimization result, or to identify a

scenario where this assumption is responsible for non-fabricable output, the exploration of

optimization strategies that alternate between a global analysis and local design optimizations
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is an exciting future direction to resolve the inconsistencies brought up by the decomposition-

to-initialization process.

In terms of fabrication, the complexity of metal frames is restricted by the fabrication

constraints imposed by the speci�c robotic fabrication process. With the fabricated examples,

the optimization process also concretely identi�es a series of hardware limitations that prevent

the fabrication of structurally more e�cient forms, indicating by prominent time cost in

ful�lling the corresponding constraints, especially the bounds on the insertion and bending

plane angles turn out to be limiting factors. Since these constraints are explicitly modelled, the

tightly integrated design and fabrication system can identify the ones that are most restrictive,

and in turn advise the design of the next generation hardware by taking not only fabricability

but also structural performance into consideration for the geometry topology.

With the fabrication constraints, only local robot-structure collisions are avoided. �e input

model should be assumed self-intersection free, and of moderate curvature and complexity. If

pairs of surface regions come too close in a model, it is best to decompose it into units where

such pairs are part of di�erent units. Discussions of the future work can be found in Chapter 6.

4.8 Contributions

Due to the interdisciplinary nature of this dissertation Section 1.3.2, this project was conducted

in the collaboration between Gramazio Kohler Research (GKR) and Disney Research (DR)

under the supervision of Dr. Moritz Bächer, Prof. Ma�hias Kohler and Prof. Fabio Gramazio.

Dr. Christian Schumacher (DR) provided coding guidance for the optimization framework

the author developed, and provided a tremendous amount of valuable feedback throughout the

development of the project. Alex Walzer conducted all the fabrication tasks of the project and

led the hardware updates to the hardware legacy from Mesh Mould in close communication

with the author.
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Chapter5

Project II: RobotSculptor

Style-Driven Robotic Clay Sculpting

We are all in the gu�er, but some of us are looking at the stars.

— Oscar Wilde

91
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Style-Driven Robotic Clay Sculpting

5.1 Introduction1

Sculpture is one of the oldest forms of three dimensional visual art. Amongst all the materials

used for sculpture, clay is probably the most widespread and frequently used. Its malleability

allows it to be formed into any shape imaginable and makes it suitable for both additive and

subtractive processes. During a sculpting process, artists utilize a variety of techniques and

employ di�erent tools to reform a piece of clay until it satis�es the intent of their artistic

expression.

As for the AEC industries, similar materials are mainly utilized for architectural decorations

and ornaments, including plaques on ceilings, relievos on historical walls, etc. (Figure 5.1)

�ese artefacts are usually sculpted directly out of concrete, or casted from a sculpted mould

with plaster or polymer. Modern techniques such as CNC milling or 3D printing have also

been used in modern times as an automated replacement for humans, or for a more accurate

procedure to transfer 3D objects designed through CAD so�ware to the physical world.

Figure 5.1: Architectural sculptures made of malleable materials: A. Plaster ornament in the
10th �oor library of Roosevelt University designed by Adler and Sullivan; (Image by
Terence Faircloth; license: CC BY-NC-ND 2.0.) B. Ungarische Staatsoper in Budapest,
Maskaron; (Image by GFreihalter; licence: CC BY-SA 3.0) C. An artist is sculpting an
ornament in process.

However, though in today’s industrialized context, CNC milling is widely used for the

manufacturing of three-dimensional sculptural artefacts and o�en substitutes traditional

processes including stone carving or foam cu�ing, conventional CNC milling techniques are
1Some of the contents of this chapter have been published in Ma, Duenser, et al. (2020)
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limited when applied to so� materials like water-based clay. Highly malleable materials are

notoriously di�cult to cut mechanically, and the strong adhesive tendency of clay greatly

hinders the removal of small shavings. A special technique called ”cryogenic machining” uses

low-temperature coolant to freeze so� or elastic materials (for instance, rubber) temporarily

during the milling process (Dhokia et al. 2011), but no precedence can be found for the clay

material.

On the other hand, human sculpting still holds a special place due to its close association

with arts & cra�s. Due to the non-linear nature of the design process, artists usually rely on an

interactive process to think and create through minds and hands simultaneously. Compared

to machining, manual clay sculpting satis�es precisely this need, with its modi�able and

superimposable layers of sculpting strokes. Additionally, the o�en imperfect surface �nish

records the working process of the artist and thus becomes a feature of artistic expression.

Such pa�erns and textures are di�cult to achieve and o�en not considered in CNC machining

- and, if required, they are typically only achieved by subsequent special surface treatments.

With the long term goal of endowing robots with human-level skill, this chapter presents

the RobotSculptor—a user-guided design and path planning framework for robotic clay sculpt-

ing. By isolating those parameters related to the aesthetics of the sculpture from the fabrication

process, the project in this chapter enables the user to de�ne the sculpting “style” of the result

by generating feasible motion trajectories that can be executed by robot arms with the specially

designed tool.

In order to make the computational problem tractable, the project described in this chapter

focuses on a sculpting process that only involves subtraction of material, using custom-shaped

wire loop tools (Figure 5.4). �e use of such a customized tool poses two challenges: since

the tool is directional, no o�-the-shelf algorithm is available, as conventional path planning

algorithms for CNC machining o�en treat the milling bit as central-symmetric. New planning

algorithms are needed to suit the chosen tool (i.e. manage all 6 DOF). �e other challenge is
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how to support a wide range of possible sculpting strokes that unleash the expression of the

user’s creativity and comply with the above algorithms simultaneously.

�e investigation begins with a set of experiments aimed at identifying the primary

parameters that a�ect the expression of the user’s design intentions. Building on the insights

gained through these experiments, this chapter then addresses the challenges listed above by

separating the entire pipeline into two independent units:

• User-guided Initialization exposes a set of parameters for the user to control inter-

actively, and transfers the input style information into a series of initial tool positions,

i.e. a toolpath, that matches his/her design intention. �is part aims to provide the user

freedom to design the sculpting strokes;

• Path Planning takes the initial toolpath as input to an optimization and computes the

complete robot trajectories. �is part aims to �nd a high �delity approximation of the

input that balances accuracy and design expression. It further resolves any collision and

respects all other workspace constraints of the fabrication robot.

�is chapter demonstrates the versatility of a computational approach on a set of examples

of increasing complexity, and �nally fabricates these objects with a Universal Robot with 5kg

payload (UR5), to assess the degree to which simulated results translate to the real world.

Recalling the fabrication constraints described in Chapter 1, this project falls into the second

category—when the desired robot motion is limited (the fabrication constraints described in

Section 4.5.3) and prevents the execution of the desired movements, the target needs to be

modi�ed (in the minimum amount for preserving geometry proximity) for compensating the

successful fabrication of an alike version of the same target.
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Figure 5.2: System overview. It takes four steps to design & sculpt a given model with speci�c
styles: 1) the system takes a general triangle mesh as input and decomposes it based
on the drawn strokes. 2) �e user speci�cs sculpting styles based on the patch-level
parameters and generate a set of initial toolpaths using the system. 3) Using the initialized
toolpaths as input, the optimization will compute robot trajectories while maintaining
style information and resolving collisions simultaneously. 4) �e trajectories are executed
on a UR5 to sculpt a physical clay model that matches the optimized results.

5.2 Overview

�e general structure of this chapter follows the design-fabrication process that takes a

geometry model as the input mesh (Figure 5.2) and processes and optimizes the abstracted

objectives while considering constraints during the fabrication. A�er this section, a section

specialized to this project is presented , following a “global-to-local” strategy, the model

is decomposed into sub-elements for de�ning the artistic expressions individually which

are embedded as a source of input information into a set of toolpaths initialized for each

sub-element. �ese toolpaths are then fed into an optimization component to �nal optimal

toolpaths that can sculpt a physical piece of clay as close as possible to the digital model,

preserving the styles de�ned by the user during as much as possible.

Figure 5.2 illustrates a more detailed pipeline:

1. Given a mesh representation of the target model as input, the user sketches free strokes

on the model to de�ne preferred independent areas for further processing.

2. For each disconnected stroke group, the system will compute a decomposed patch.

3. With a minimal set of user input on directional guidance, the developed system generates

the initial sculpting paths for each patch.
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4. A�er the toolpaths are initialized, the optimization will adjust the toolpaths to eliminate

collisions and smoothen sharp corners, while still maintaining the artistic expression.

5. Finally, once the toolpath is successfully optimized, one can preview the simulated result,

or directly execute the trajectory information computed from the optimization to obtain

a physical artefact of the “stylized” target geometry in clay.

Since this project aims to explore how optimization-based methods can help robotic

fabrication by utilizing the 6 DOF provided by the robot arm and �nding optimal trajectories

for a specially designed tool, the design iteration of the hardware will be presented �rst along

with necessary experiments. A dedicated section for extracting design parameters follows,

introducing how di�erent parameters weighs and how they are selected and incorporated

into the design of the system in later sections. A�erwards, the “global-to-local” strategy used

in this chapter, namely the mesh decomposition and the toolpath initialization components,

will be expanded in detail as a general framework for de�ning sculpting style per sub-area.

�en, the optimization section follows, with a thorough description of how the objectives are

formulated, and how the constraints are extracted and incorporated. Unlike the Project I where

the constrained optimization is utilized, all the constraints in this project are incorporated

as regularizers to allow the implementation of an unconstrained optimization problem. �e

demonstrations and results will be presented in the end, demonstrating the successfully

fabricated examples of di�erent shapes with style variations.

5.3 Fabrication Setup

5.3.1 Customized Loop Tool

Unlike Project I where the end e�ector is ready to use, Project II requires a design of the end

e�ector from scratch for conducting the sculpting tasks. Inspirations of the tool design are
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borrowed from professional artists and sculptors, who use various types of tools for di�erent

stages of a complete sculpting process (Figure 5.3).

Figure 5.3: Tools used for clay sculpting. Le�: A complete ceramic tool set, including cu�ing
wire and plate tools for rough shaping, loop tools for modelling, detailing for �ne-tuning,
and sponge for smoothing; Right: Loop tools of various pro�les.

While the plate tools are used for shaping and modelling in the beginning stage, and

detailing tools with di�erent designs are used for creating detailed surface e�ects and textures,

the loop tools are comparatively used in a more general context. With various sizes and shapes,

the usage scenarios of the loop tools range from removing large strips of material to carving

general details which do not require special tool treatment.

A conventional loop tool (Figure 5.3) for sculpting clay consists of a handle and a planar

“loop” that is bent from a piece of steel wire or from a piece of thin, narrow metal strip into a

rectangular, triangular, or circular pro�le to ful�ll di�erent cu�ing needs (size, angle, texture

e�ect, level of detail, etc.). While the sculptor uses his/her hands or the plate tools for the

modelling (additive) and formative process, such loop tools are usually used for the subtractive

process—cu�ing a strip of clay o� by moving the tool along a desired direction.

�e designed tool is composed of two main functional parts: a metal handle with a 3D-

printed plastic base that help to connect to the UR5, and a replaceable steel wire “loop” that
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can be a�ached to the end of the metal handle. �us, a sculpting process can be conducted by

controlling the robot arm to manoeuvre the loop follow desired toolpaths. A�er several itera-

tions of prototyping (AppendixA.1), the metal handle is �nalized as a customized aluminium

piece with a square cross-sectional shape of 10 mm side length. By changing the wire loops,

fabrication experiments of various scales can be conducted with the same tool set. �e plastic

base that connects the metal handle and the robot arm was also updated accordingly, adding

positions for an additional screw so as to get be�er stability. �e tool is shown in Figure 5.4.

Figure 5.4: �e customized loop tool and the UR5 with the tool attached.

From a fabrication point of view, one major di�erence between the customized loop tool

and a conventional milling bit is in symmetry. While the la�er is usually axisymmetric and

rotates around the central axis, the former is not. �is characteristic of the tool bene�ts

the sculpting process by allowing the loop tool to cut o� clay strips of di�erent widths and

sizes by simply rotating the tool around its axis during the cu�ing process. However, while

this additional �exibility parameter is trivial for human users to control, it adds signi�cant

complexity to the planning algorithm—the additional degree of freedom needs to be managed

and exploited.

5.3.2 Turntable

To allow more sculpting poses for 3D models that usually requires the robot to reach from

relative extreme angles, a customized turntable was built to expand the accessible workspace
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of the robotic system. Several iterations (AppendixA.1.1) were made to �nalize the design of

the turntable through prototyping and validation.

�e �nal version of the turntable controlled by an Arduino Uno was built as shown in

Figure 5.5. With the help of the gear system, the motor can rotate the table in both directions

with 1.8° resolution, and acts as the 7th axis of the robot during the optimization and the

fabrication phase.

Figure 5.5: �e �nal design of the Arduino-controlled turntable.

It has been investigated that using the turntable as an additional axis of the robotic system

and syncing it with the robot movements require task threading and modi�cation to the

low-level UR driver (Andersen 2015). For this project, an asynchronous approach is employed

to reduce the engineering complexity—the turntable will stay �xed during each sculpting

toolpath and rotate only between two consecutive toolpaths, if needed.

�eoretically, this may limit the accessible workspace of the robotic system when the robot

reach cannot ful�l all the positions along one single sculpting toolpath. But no real scenario is

constrained by this issue along the whole development of the project. It can be assumed that

as long as no single toolpath is extremely geometrically complex, the “rotate-sculpt-rotate”

mechanism will ful�l most of the sculpting tasks within the project range.
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5.4 Design Factor Extraction

Instead of developing a fully automated system similar to existing path planning so�ware

for CAM, this project intends to provide the user with control over certain aspects of the

fabrication process that are relevant to the design and appearance of an object. �us, it is

essential to �rst understand what will a�ect the fabrication result of a sculpting process so as

to de�ne the parameters that can be built into the system.

In order to reveal the most important design parameters that a�ect the results, a series of

experiments involving the interaction between the tool and the clay material is conducted.

�ese experiments are designed to reveal the following three aspects:

• Understand the relationship between the material deformation and sculpting velocity;

• Guide the selection of suitable shapes and sizes of the customized tools;

• Decide on a minimum amount of parameters exposed to the user to exert control on the

toolpath generation.

5.4.1 Parameter-extraction Experiments

�is chapter categorizes the experiments into two classes: patch-level parameters and path-

level parameters. �e patch-level parameters a�ect the selected areas (“patches”, see Figure 5.2-

2) of the mesh on which the preferred sculpting styles are applied; the path-level parameters

a�ect the toolpaths generated on each patch. �e selected patch can be either a portion of the

whole mesh or the mesh itself.

Patch geometry (patch-level). �is parameter is directly related to how an input model is

decomposed. It de�nes the area and shape to which a particular style can be applied, and can

be created with various methods. A sketch-based method is implemented for the interactive

design process in the developed system (Section 5.5). And how this parameter can a�ect the
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�nal fabricated results is shown in Figure 5.20. For simple cases, manual decomposition in any

mesh operation so�ware may su�ce.

Patch overlap (patch-level). Undesired material aggregations are found near the seams

between individual patches, causing a clear visual separation. �is is caused by the high

ductility of the material—when the tool enters or exits the clay at the material interface, it

will carry forward some material by pushing or pulling rather than causing a clean separation.

�is e�ect is most visible when the enter and exit locations accumulate together. Experiments

show that this e�ect can be reduced to a satisfactory magnitude by introducing an overlap

between adjacent patches, as illustrated in Figure 5.6, so that the said material accumulation is

eliminated.

Figure 5.6: Seam comparison models. Le�: sculpting toolpaths intersected at seam area without
overlapping; Middle: sculpting toolpaths intersected at seams with overlapping; Right:
continuous sculpting toolpaths across the whole surface.

Toolpath length (path-level). �e above material property has a similar impact on the

toolpaths generated for a speci�c patch. Regardless of the generation methods, a toolpath will

start/end in three circumstances: 1) at the start/end point of another toolpath (toolpaths are
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connected), 2) at the middle of another toolpath (toolpaths are overlapped), 3) at an empty area

(toolpath are disconnected). However, experiments show that for a speci�c patch, 1) and 2) will

always create le�over material at the intersection, and 3) will result in an area not sculpted at

the target geometry. As the number of intersection locations is largely decided by the number

of toolpaths, long toolpaths are preferred to reduce unnecessary le�overs. Two extreme cases

are shown in Figure 5.7, where one contains randomly generated short toolpaths in various

directions and the other contains only aligned toolpaths across the entire surface.

Figure 5.7: Point Sampling Sculpting Test. Le�: a surface sculpted with 100 toolpaths of 18 mm
length in random direction, generated from 100 randomly sampled points; Right: the
same surface sculpted with 15 parallel toolpaths across the whole width of the patch.

Toolpath direction (path-level). �is parameter a�ects the toolpath generation process

as it is the most important one to de�ne the artistic style the user would like to achieve. It

a�ects the visual e�ects of the sculpted stripe pa�erns on the �nal surface as well as the

cu�ing depth into the clay. A Laplacian-based algorithm is used to generate evenly-distributed

parallel-aligned toolpaths on top of each patch, and the details are explained in Section 5.5.3.

Tool direction (path-level). As shown in Figure 5.12, the three rotation parameters de�ne

the local pose of the tool. Experiments con�rm that the aligning direction will a�ect the

precision of the target surface, and the facing direction will a�ect the amount of material

cut by each toolpath. �ese parameters together will also a�ect the �nal surface quality

(Section 5.5.4).
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Secondary parameters. Besides the parameters listed above, experiments were also con-

ducted with several other parameters, though these appeared to be less e�ective to in�uence

the design and fabrication results. For completeness, they are listed below:

• Density of toolpaths: �is parameter needs to be set to guarantee the sculpted area to

cover the whole patch. Beyond that, increasing the density increases optimization time

with limited gain for a selected tool. However, this parameter is still exposed to the

user to compensate for any change in the tool shape. Figure 5.8 shows the visual e�ects

caused by a loop tool with a semicircle pro�le.

Figure 5.8: Surface quality di�erences due to a non-�at pro�le loop. �e local stripe e�ect
caused by the le�overs between toolpaths is homogeneous with the tools. For a loop
tool with selected shape, the user can adjust this parameter to obtain a desired �nal
appearance.

• Inclining direction: �is parameter does not a�ect the result as much as the other two

listed in the Tool direction categories, as long as it does not cause any collisions.

• Tool shape: As shown in Figure A.2, various tool shapes were experimented with. Since

changing the tool during a sculpting task is not allowed, the �nal appearance sculpted

by a selected tool is thus determined by the other parameters. �e system thus relies

on the optimization to resolve collisions and match the surface, and thus excludes this

parameter from the design stage.

5.4.2 Material Properties

As brie�y mentioned in Section 5.4.1, it is discovered that the viscosity and plasticity of the

clay will a�ect, on a local scale, how the clay behaves when the tool enters, sculpts, and exits
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the materialt, which will then directly a�ect the �nal appearance of the sculpted model. �ere

are two main e�ects: 1) the clay is so� enough to be pushed by the tool during the sculpting

process. �ough a 1 mm steel wire can be used to reduce the e�ect as much as possible,

le�over clay is still noticeable along the moving paths of the tool; 2) due to viscosity, the forces

introduced by the tool will cause a “pulling” e�ect when the tool leaves the clay, or even cause

failure to detach when the remaining material is incapable of absorbing these forces. �is

e�ect mainly happens between the subtracted clay (on the tool) and the clay model, resulting

in small le�overs on the target surface.

A complete modelling of the clay is extremely challenging as its material properties change

over time when the contained water evaporates gradually. However, for a thin (1 mm) tool

made of steel wire, it is discovered that limiting the cu�ing speed to within 3 cm/s to 8 cm/s

can reduce these visible defects to an acceptable level. �e author thus decided to conduct

the fabrication under these se�ings and formulate the optimization in a purely geometric

approach, resolving robot motion and collision issues without involving any simulation of the

material behaviour.

5.4.3 Style as an aesthetic feature

One of the core contributions of this piece of work is to embed the user’s design expression

into an automated robotic fabrication process as the sculpting styles. �e author successfully

develops a “style function” of the design parameters abstracted from a series of design experi-

ments and integrated it into the developed system so that it can transfer these styles from the

digital environment to physical artefacts with ease.

While conventional CNC milling prefers precision, the designed system favours the possi-

bility to create various visual styles with the minimum amount of e�ort. As evaluating the

magnitude of aesthetically pleasing is subjective, the exploration of the design space is le� to

the user by providing the maximum amount of freedom to realize his creativity and intention.
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Figure 5.9: Sculpting styles created by RobotSculptor with di�erent decomposition
schemes and toolpaths.

Figure 5.9 shows the sculpting style variations of a torso model created by di�erent

decomposition schemes or toolpaths. �e visual styles formed by the sculpting toolpaths

de�ne a unique feature of the sculpting process. �e author believes these style variations

provide new opportunities to explore new ways of robot control and open up discussions in

human-robot interaction. More details will be discussed in Section 5.5 and Section 5.6.

5.5 User-Driven Toolpath Generation

5.5.1 Design Parameters

One important goal of this research is to embed human design choices and expressions as

”styles” into the automated robotic fabrication. It requires the system to maintain a certain

magnitude of precision and at the same time generate results that deviate from the homoge-

neous appearances that are typical for the results of CNC milling. �is project relies on the

key parameters selected based on the design experiments described in Section 5.4.1 to allow

users to generate toolpaths creatively. �ese parameters will help to transfer essential features

into the fabrication process. Following the pipeline described in Section 5.2, the input mesh is

assumed as a conceptual quad-mesh (4 corners + 4 edges), and the system will interpret the

selected 5 parameters into variables that the user can access and modify in the GUI:
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1) Locations of free strokes drawn for model decomposition;

2) O�set distance at the overlapping area between patches;

3) Locations on patch boundaries as conceptual “corners”;

4) Distribution of start and end points of the toolpaths;

5) Number of toolpaths generated on each patch.

1), 2) are patch-level parameters and relate to the Decomposition process; 3), 4), 5) are

path-level parameters and relate to the ToolPath Initialization process. Both of them will be

explained in detail below.

For both CNC milling and the system developed here, one necessary step of the toolpath

generation is to develop toolpaths that can cover the whole surface of the input model. While

common milling tasks use widely applied strategies including parallel, scallop, radial and �ow-

line, a di�erent procedure is preferred here to generate toolpaths for two reasons: �rst, existing

methods either treat the input model as one global geometry and generate toolpaths with one

overall milling strategy for the whole model surface, or rely on the surface/solid component

information contained in the CAD �le to treat di�erent pieces of the model with di�erent

strategies2. As the system uses a general mesh representation as input data (surface/solid

component information is not provided) and should provide more choices for style variation,

a systematic approach is needed to develop di�erent subtracting strategies to suit this case.

Second, the robot end e�ector (i. e. the customized loop tool) in this case is not axisymmetric,

in contrast to a normal milling bit, and the system needs to additionally align the normal of

the cu�ing plane towards the cu�ing direction at every sampled point for any e�ective cut

(though it does not need to be aligned fully).

�erefore, a global-to-local strategy is developed to decompose the input model into small

patches that can be incorporated with di�erent sculpting intentions of the user. Treating each
2CAD models usually contain either information that help to identify the di�erent surface components of

a 3D model or construction history that help to extract the construction sequence. Milling so�ware can select
these separate pieces to apply di�erent milling strategies. �e number of the strategies or the area where milling
strategies can be applied depends on the sub-components that the CAD model contains.
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patch individually, the strategy generates toolpaths based on the isolines of a scalar �eld,

which in turn is de�ned through user-provided boundary conditions for each patch. If no

decomposition is given, the strategy will treat the whole mesh as a single patch and conduct

the toolpath generation over the whole area.

5.5.2 Decomposition

Figure 5.10: Decomposition comparison w/o overlapping boundaries. Le�: distance �eld cal-
culated from the drawn strokes; Middle: decomposed patches without overlapping
boundaries; Right: decomposed patches with overlapping boundaries of 15 additional
triangle loops.

�e Decomposition aims to allow the user to select di�erent areas that can be treated

separately for the toolpath generation. A GUI is developed to facilitate this task. �e user can

draw strokes on the model using a mouse, and the system will compute a distance �eld for

each disconnected stroke. �is �eld later helps to compute separate surface patches using a

priority queue. Once the result is visualized, the user can accordingly decide to either draw

additional isolated strokes to create more patches, or to intersect existing strokes with further

stroke(s) to modify the shape of the corresponding patches (Figure 5.10).

Once the patch-geometry is de�ned, the user can modify the overlapping areas around

the borders where patches intersect. As the dimension of the input model may vary, this is

achieved by adjusting the number of facets in the overlap areas (Figure 5.10). �is adjustment

aims to prevent the aggregation of entry/exit locations of the loop tool, which will produce

inferior surface quality due to the material behaviour discussed in Section 5.4.2.
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5.5.3 Initialization

�e Initialization process aims to provide intuitive toolpath generation for each decomposed

patch. Each patch is treated as a ”quad-like” patch and asks the user to provide four ”cu�ing”

points near its boundary. �ese points are used to segment the closed boundary curve into

four segments, i. e. two facing pairs. �e vertices of the two segments in one of the pairs are

assigned with the value 0 and 1 respectively, and those in the other pair are assigned with

values interpolated from 0 to 1.

To generate the isolines, a technique similar to those described in Ma, Walzer, et al. (2020)

and Pereira, Rusinkiewicz, and Matusik (2014) is used. For each surface patch a scalar �eld is

computed by solving the common Laplacian equation with boundary constraints:


Lz(x) = 0, x ∈ Ω

z(x) = z0(x), x ∈ ∂Ω

(5.1)

where L is the n × n discrete Laplace–Beltrami operator and x is the coordinates of mesh

vertices. z(x) and z0(x) are vectors of per-vertex values of all the vertices and boundary

vertices, respectively. �ose elements of z that correspond to the interior vertices are unknown,

while the elements corresponding to the boundary vertices are given as constraints. �e user

is allowed to modify the toolpaths directions and orientations by adjusting the position of the

cu�ing points, the distribution of the assigned values, and the number of toolpaths (Figure 5.11).

Figure 5.11: Toolpath initialization. Le� & Middle: same cu�ing point locations, di�erent distribu-
tions of assigned boundary values; Right: di�erent cu�ing point locations, distribution
of assigned boundary value and density of toolpaths.
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A series of isolines is then interpolated from the scalar �eld. �e user can set the parameters

interactively to �nd a toolpath initialization that matches his vision. Experiments show that

an overlap of more than 30 % of the tool width between adjacent paths is needed to allow for

the optimization to modify the toolpaths su�ciently in order to avoid collisions or to match

the target geometry more closely.

5.5.4 Tool direction modi�cation

�ough the Decomposition and Initialization processes successfully help us transfer the artistic

intention to a set of initial toolpaths, the initialization can be further improved through local

adjustments of the tool directions. �ough the user can generally rely on the optimization

to compute the results, experiments show that a be�er initialization will o�en lead to be�er

surface quality and faster optimization time, especially in high curvature areas where local

minima occur.

Figure 5.12: Tool vectors. During a sculpting movement, the tool pose is de�ned by three vectors:
the facing direction, the aligning direction, and the blade direction.

As the loop tool has 6 DOF, the 3 directions that are not constrained by a given toolpath

(in fact, a series of tool positions) are de�ned as facing direction, aligning direction and inclining

direction (Figure 5.12). A milling bit has no facing direction as it always cuts at the width of

the tool’s diameter. For the loop tool, the cu�ing pro�le depends on the projection of the tool
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pro�le to the material along the toolpath direction and can be adjusted by its relative angle to

the tangent direction of the toolpath.

For a sampled tool location along a toolpath, the inclining direction is initialized using the

normal direction of the patch, and the tangent direction of the toolpath is projected to the

tangent plane of the patch at the referenced point to initialize the facing direction.

Additionally, some of the tool’s facing directions are re-aligned perpendicular to the aver-

aged principal curvature (Meyer et al. 2003) directions near high curvature areas:

nf =
1

N

∑
r<rnear

np (5.2)

whereN is the number of samples of the principal curvature np within a pre-de�ned sphere of

radius rnear around the tool location. �e bene�ts of this post-processing step are illustrated

in Figure 5.13.

Figure 5.13: Local adjustment of the facing direction using curvature information. �e fab-
rication results illustrate noticeable improvements of the surface quality.
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With the above procedures, a general initialization of both toolpaths and tool directions

are obtained. However, there is no guarantee that these results can be executed with a speci�c

robot without any collision3 or reachability problems. It would thus require the user to

manually modify the toolpaths iteratively for a speci�c robot in use to resolve all relevant

collision issues, or to use a simpli�ed version / allow minor robot-target collision to exist to

some extent (Figure 5.19 middle, Figure 5.20 upper right.)—one of the main reasons that lead

to the development of the optimization process described in Section 5.6.

5.5.5 User Interface

Along the development of this project, three independent GUIs and plugins are developed for

di�erent corresponding stages. As this project intends to allow users to design and generate

sculpting styles with ease, two di�erent approaches are employed as proof of concepts for

future development.

For the decomposition component, an independent GUI is developed to allow users in-

teractively conduct the decomposition task (Figure 5.14), as described in Section 5.5.2. �e

interface is wri�en in C++, using open-sourced 3rd-party libraries listed in AppendixB.3.

�e initialization component employs a “plugin” approach that a set of customized scripts

are wri�en inside the visual programming platform Grasshopper which is built on the CAD

so�ware Rhinoceros. As shown in Figure 5.15, these scripts take the decomposed patches as

the input and initialize toolpaths as described in Section 5.5.3. �is interface may not be as

easy to use as the independent GUI for the decomposition process, but allows more control for

advanced users, especially those who are experienced in CAD so�ware. Additionally, it also

helps to foster the development speed as the developer only needs to take care of the non-GUI

context.
3Collisions referred to in this chapter include both the self-collision of the robot between its di�erent parts

and the collisions between the robot and target object, which will create imperfection on the target surface. Please
also refer to the �gures in AppendixA for more details.
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Figure 5.14: �e customized GUI for the decomposition task: A. Drawing strokes; B. Comput-
ing distance �elds; C. Generating patches; D. Adjusting overlapping borders.

Figure 5.15: �e initialization interface in Rhinoceros platform.
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�e GUI for the optimization component is built on the one originally developed in Duenser

et al. (2020). While the objectives are changed for our project, the GUI has not been modi�ed

much, except for adding parameters relevant to the turntable. A screenshot is provided here

for reference:

Figure 5.16: �e optimization interface.

5.6 Optimal Path Planning

�e toolpath generation in the previous sections de�nes a path that sweeps the target surface

closely and expresses the aesthetic preferences of the user. It is, however, not guaranteed to be

feasible, in the sense that it can be executed by a given robot without causing collisions (both

self-collision of the robot and robot-target collision) or exceeding the robot’s reach. �erefore,

given a patch of the target surface and the associated toolpaths (collectively referred to as input

toolpath in this chapter), a robot trajectory needs to be found that 1) is feasible, 2) produces a

cut surface that best approximates the target surface and 3) maintains the overall aesthetics of

the cut surface implied by the input toolpath.
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�e development follows an approach similar to the one proposed by Duenser et al. (2020)

for computing cut trajectories for an elastically deformable tool, manipulated by a two-armed

robot. At the core of this approach lies the formulation of an optimization problem which

matches the surface swept by the tool during movement (toolsurface) with the surface of the

input model (target shape). In particular, the author uses similar formulations for the physical

model of the system, the �nal primary objective, the constraint objectives and the last two of

the secondary objectives, as introduced below.

Figure 5.17: An overview of the main components of the optimization model. �e robot is
shown in its rest pose, from where it traverses towards the workpiece (toolpath Sfree and
Sinter ) and performs the cut (Scut ). �e robot then moves back to its rest pose—though
typically it would loop around and perform a number of successive cuts, optimized
simultaneously, to carve out the entirety of a given surface patch.

Model description �e robot trajectory is represented through a sequence of robot poses,

each de�ned by the set of joint angles qi, collectively forming the full trajectory q = (qi). In

case a turntable is used, the turntable is simply viewed as an additional robot joint, and its

orientation is included in q. �e tool is rigidly a�ached to the robot end e�ector and modeled

by its center line ci, such that the path swept by the tool forms the toolsurface S . Between

the discrete steps of the trajectory this surface is approximated as piecewise linear. Using a
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kinematic model for the robot, the toolsurface is then fully de�ned through the joint angles as

S = S(q). For a full description of the setup, the author further considers the target shape T

and its currently processed subsection T ∗, the current shape of the workpieceW , as well as

any other obstaclesO in the scene, such as the turntable. If the target mesh is split into several

patches, the shape of the workpiece is updated a�er applying each of the corresponding cuts.

See Figure 5.17 for an overview of the simulated setup.

Optimization problem Similar to Duenser et al. (2020), an unconstrained optimization

problem4 of the form

min
q

E(q) = Eprime + Econstr + Esec, (5.3)

is formulated, where all physical constraints are enforced through penalty terms, collectively

denoted as Econstr . �e principal design objective Eprime de�nes a cost for the distance

between the toolpath and its target, while Esec collects several secondary objectives, as laid

out in more detail below. �is minimization problem is solved using Newton’s method with

line search and a Levenberg-Marquardt type regularization.

�e trajectory and the corresponding toolsurface to be optimized consists of several distinct,

prede�ned subsections: One or more cut portions Scut , in accordance with individual cuts of

the input toolpath, which are designated to carve out the target shape. Transitional portions

Sfree , which describe the free movement in-between individual cuts, as well as from and to a

�xed robot rest pose. And �nally, intermediate portions Sinter , which are short connecting

sections at the interface between Scut and Sfree . While the toolsurface of these sections may

take part in cu�ing through the material, it is not optimized to match the target shape.
4For using unconstrained formulation to solve problems with constraints, please refer to Section 3.1.2 for

more details.



116
Project II: RobotSculptor

Style-Driven Robotic Clay Sculpting

5.6.1 Primary Objective and Constraints

Surface Matching �e primary objective Eprime measures the closeness between the tool-

path and the given target. �is is viewed as a non-rigid surface registration problem and match

the target surface T ∗ with the toolsurface Scut . Starting from a dense set of sample points

on the target surface T ∗, the optimization penalize the absolute distances to their respective

closest points on the toolsurface Scut . In principle, a simple quadratic penalty could be used

for this. �ough in a case where portions of T ∗ can not feasibly be cut, this choice can lead to

an undesirable overemphasis on these regions. So instead, a smooth step function of the form

below is chosen:

Hτ (d) =


3
(
d
τ

)2 − 2
(
d
τ

)3
0 ≤ d < τ

1 d ≥ τ.
(5.4)

Hτ

dτd

P𝜆

𝜆

Figure 5.18: Penalty functions on distance used for collision avoidance (le�) and surface
matching (right).

�is function acts similar to a quadratic penalty for a distance d close to zero, but smoothly

transitions to a constant penalty over a transitional region of size τ (Figure 5.18). �ereby,

regions that are decidedly uncu�able, i.e. with a distance larger than τ , are simply ignored.

Initialization Procedure Due to the relatively �ne-scaled geometry of the toolsurface and

its very low rigidity, the outlined surface matching is prone to a large number of undesirable

local minima. It therefore relies on a fairly good initialization, for which the input toolpath is
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used. To this end, the optimization process is split into two distinct stages. During the �rst,

the surface matching objective is not applied as the primary objective. Rather, the cut portion

of the toolpath is matched to the input toolpath, with regards to the position and orientation

of the tool, using a quadratic penalty. Once a toolpath is found which resembles the input

path as close as possible but has a feasible trajectory, this initial objective is gradually dropped

and surface matching is gradually applied instead. Using the input toolpath as initialization

also establishes the desired global path layout, and experiments showed that this layout is

generally well preserved during the surface matching stage, even once the initial objective is

removed entirely. At the same time, matching only the toolsurface provides a larger degree

of freedom for the robot trajectory, allowing the robot to gracefully avoid collisions even in

challenging situations.

Physical Limits �e considered constraints are the robot’s limitations on joint angles, as

well as collisions of the robot and the tool. �ese collisions are namely: 1) self-collisions of

the robot, 2) collisions between the robot and the workpieceW and obstacles O 3) collisions

between the toolsurface S and the obstacles O 4) collisions between Sfree and the workpiece

W 5) penetration of Scut and Sinter into the target shape T . For the implementation of robot

collisions the robot model is equipped with a number of spherical collision primitives, typically

eight per link. From each collision primitive the signed distance is computed to any of the

other collision spheres, as well as to the closest point on each of the objects in the scene. �e

la�er are accurately represented through triangle meshes. A negative sign of the distance

thereby signi�es penetration. Similarly, proximity of the toolsurface S is evaluated on a dense

set of sample points on the surface, for each of which the smallest distance to the relevant

objects is computed. �ese distances are then penalized with the one-sided quadratic function

Pλ(d) =


(d− λ)2 d < λ

0 d ≥ λ,
(5.5)



118
Project II: RobotSculptor

Style-Driven Robotic Clay Sculpting

where λ is a safety margin. �e same type of penalty is applied directly to the joint angles of

the robot. �e weighted sum of all penalties constitutes the full constraint objective Econstr ,

whereby the weights are chosen large compared to any of the remaining objectives, such that

the constraints are enforced rigidly.

5.6.2 Secondary Objectives

Several more criteria for the quality and practicability of a toolpath are identi�ed, enforced

through additional objectives Esec .

Orthogonal tool orientation For the fabrication process, it is favorable to keep the cu�ing

direction orthogonal to the tool plane. �ough a cut can be produced when the tool plane

is aligned with the cu�ing direction, this would produce only a narrow slit, o�en without

fully removing a portion of clay from the workpiece. �ere is a high risk the clay will rea�ach

subsequently, e�ectively undoing the cut. By only cu�ing orthogonal to the tool plane, long,

narrow shavings are produced which can be removed immediately. Let cij be the sample point

j of the tool of time step i. For each cij , the deviation of the tool facing direction ui from the

local cut direction vij is penalized for those sample points on the tool engaged in the cu�ing,

as

Eijorth = lij sin4(∠(ui,vij)) H
∗
a,τ (dW,ij). (5.6)

�e symbol ∠(·, ·) is the angle spanned by two vectors. �e cut direction is computed

as vij = 1/2 (v̂− + v̂+), where v− = ci,j − ci−1,j , v+ = ci+1,j − ci,j , and ·̂ represents a

normalized vector. �e associated step size lij = 1/2 (‖v−‖+ ‖v+‖) is used to weight the

objective. And �nally, the last term of the equation represents a weight in the range [0, 1]

indicating whether the sample point is inside or close to the workpieceW and therefore is

relevant for the cut. Herein H∗a,τ (d) = 1 −Hτ (d − a) is an inverted smooth step function

shi�ed by a tolerance a, and dW is the signed distance between the sample point andW .
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Smooth discrete toolpath To ensure smoothness of the discretized toolpath, the angle

spanned by the piecewise linear path of a tool sample point at each time step through is

penalized:

Eijsmooth = lij α
2
ij H

∗
a,τ (dT ,ij), (5.7)

where αij = ∠(v−,v+). �is angle can essentially be viewed as the ratio between the local,

approximated curvature of the toolpath (i.e. αij/lij ) and the sampling density (given by 1/lij ).

�ereby, the objective does allow for an arbitrarily large curvature of the path, provided that

the temporal resolution is adequate locally. As above the objective is weighted with the path

length lij ; and also according to the closeness dT to the target shape, such that only portions

of the cut are a�ected which may be visible in the �nal object.

Limited joint angle step size While for the optimization, the toolpath is assumed to be

given by linear interpolation of the tool geometry at discrete time steps, and the robot trajectory

is interpolated linearly in joint angle space during fabrication. For the kth joint of the robot, a

step of βi,k = qi,k − qi−1,k in joint angle space induces a maximum interpolation error of

εi,j,k = ri,j,k
(
1− cos

(βi,k
2

))
, (5.8)

where ri,j,k is the distance between a tool sample point ci,j and the kth robot axes. For

simplicity, a rough, �xed estimate r̃k is assumed for this distance for each joint angle, and

penalize the corresponding approximation error through

Ei,kjoint =
(
r̃k
(
1− cos

(βi,k
2

)))2
. (5.9)

Limited tool step size Collision avoidance of the toolsurface is based on a �xed number of

sample points. In order to maintain an adequate sampling density it is necessary to limit the

step size of the tool. Again, we simply apply a one-sided quadratic penalty

Ei,jstep = P−δ
(
− ‖ci,j − ci−1,j‖

)
(5.10)

to roughly ensure an upper bound of δ.
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�adratic regularization Finally, a weak quadratic regularization is applied to the tool

step size, such that all portions of the toolpath which are not governed by any of the above

objectives remain short and smooth:

Ei,jreg = ‖ci,j − ci−1,j‖2 (5.11)

5.7 Demonstrations and Results

To demonstrate the versatility of the system, four physical prototypes featuring di�erent

geometric characteristics are designed and fabricated. �e decomposition of the input model

by drawing strokes in the GUI and generating toolpaths for each patch takes around 0.5 h

on average, depending on the number of patches of the decomposition and the number of

a�empts made to match the user’s intention. �e optimization takes 1 h to 4 h on average for

the models presented here (torso, eye, face, 3D Möbius ring). �e fabrication takes around 1 h

on average with a joint speed of 1 rad/s for the leading axis (the robot is controlled through

the movej command (Robots 2015). Each process is dependent on the number of patches of the

decomposition, and the toolpaths density. A�er fabrication, the clay model needs around one

day to dry until its surface solidi�es and more than two days to be fully dried.

�e optimization framework is implemented in C++, making use of the Eigen library

(Guennebaud, Jacob, et al. 2010) for matrix algebra. Searches for closest points on surfaces, as

required for collision avoidance, are performed through an axis aligned bounding box tree,

using the libigl library (Jacobson, Panozzo, et al. 2018). �is operation accounts for the

largest part of the computational costs in the procedure, with roughly 50 %. Another 15 %

to 20 % of costs can be a�ributed to the forward kinematics of the robot, and the respective

�rst- and second order derivatives. For context, it should be noted that collisions between

toolsurface and target surface are tested on 140 sample points per trajectory point, and the

distance function for surface matching is evaluated with similar density. Computation times
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for all examples are reported in Table 5.1, obtained on a standard PC with a 3.4GHz Intel Core

i7-3770 CPU.

5.7.1 Fabricated Models

Beside the torso model (Figure 5.9), the simplest of the examples is the eye model (Figure 5.19),

which contains concave features that are nearly impossible to generate collision-free toolpaths

for. Several a�empts are made through a CAD-modelling process but failed as collisions

cannot be fully resolved. A smoothed version of the model is used in the end. However,

the optimization component from the RobotSculptor resolves all the collisions and generates

toolpath trajectories that achieve fabricated results in decent quality, even with a tool that is

oversized for the details around the iris area.

Figure 5.19: �e eye model. Le�: the input geometry; Middle: a model by executing hand-modelled
toolpaths based on a CAD model; Right: a model by executing trajectories generated
from RobotSculptor using the mesh model of the same geometry as input.

�e interactive, user-guided design method is further used to decompose and generate

toolpaths for a face model that contains more challenging geometric features around the

eye area (concave feature with large curvature) and the nose area (sharp edges). Similarly,

CAD-modelled toolpaths fail to resolve collisions around the eye corner, but the RobotSculptor

system successfully fabricates the di�erent styles that are desired (Figure 5.20).

�e RobotSculptor system even allows the use of di�erent parts of the tool for the sculpting
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Figure 5.20: Sculpting results of the face model. Top-le�: the input geometry; Rest: initialized
toolpaths and the results with di�erent styles by executing robot trajectories generated
from RobotSculptor.

Figure 5.21: �e 3DMöbius model. Le�: Reachability limitation from inadequate side blade length.
Right: Illustration of model areas cut by side blade or bo�om blade.
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process. In the 3D Möbius ring example5 (Figure 5.21-right), the bo�om blade is used to sculpt

the outer patches, and the side blade is used to sculpt the inner patches which are inaccessible

to the bo�om blade due to collision issues. However, two limitations are noticed: 1) Models

with a thin connection to the base are likely to be deformed during the fabrication, resulting in

lower precision results. In this example, it is compensated by manually supporting the model.

2) Sculpting with the side blade, the maximum cut depth cannot exceed the length of the tool.

�is becomes a limiting factor when cu�ing the innermost portion of the ring and constraints

the allowable size of the model.

Preference for using a speci�c edge of the tool can be set by simply choosing the appropriate

tool-local frame used for the initialization phase. �e subsequent toolpath optimization on the

other hand is agnostic to the notion of distinct blades. �at is, it treats the entire tool as one

blade. Similarly to the overall path layout, experiments show that any preferences implied by

the initialization are typically well preserved.

As shown in Figure 5.21-le�, the reachability limitation is veri�ed by fabricating two

Möbius models with di�erent thickness.

Table 5.1: Statistics of presented examples.

model # patches avg traj. pts/patch opt. time fab. time

Torso 5 334 1h 57m 7m

Face
6 445 4h 11m 26m
7 473 4h 30m 31m
9 412 5h 33m 33m

Eye 3 624 1h 21m 16m

Möbius 8 339 1h 39m 31m

5For this speci�c model, robot reachability and robot-target collisions are the main challenge. Since the model
itself contains clear edges for cu�ing the model into sub-patches, a simple decomposition by hand is employed
instead of using the decomposition tool for the decomposition process.



124
Project II: RobotSculptor

Style-Driven Robotic Clay Sculpting

5.8 Discussion

�e project in this chapter presents an interactive design and fabrication system that allows

the user to design di�erent styles for sculpting clay models with a 6-axis robot. A set of key

parameters is identi�ed and extracted from a series of sculpting experiments and then exposed

to the users in an interactive GUI developed through the project Figure 5.14. �e interface

allows the user to decompose a input mesh into desired patches by drawing free sketch strokes

and embed his/her design expressions as di�erent sculpting styles individually by generating

a set of corresponding initial sculpting toolpaths. Additionally, the developed GUI provides

intuitive and instant feedback to the user, allowing a seamless design process for the sculpting

styles on an arbitrary mesh model.

A�er the toolpaths are initialized, the developed system conducts optimal path planning

to resolve robot collision and reachability issues while still maintaining a maximum match to

the given input surface. To obtain a higher success rate, an Arduino-controlled turntable is

also developed and integrated into the optimization pipeline. �e capacity of the system is

demonstrated through a set of fabricated desktop-size clay models: torso, eye, face, and 3D

Möbius ring. Additionally, as evidenced by the wide variety of styles for the same model, the

system successfully enlarges the magnitude of expression incorporation during the design

stage.

It is the combination of the initialization and optimization components that makes the

RobotSculptor system not only a robotic extension of the human hand, but a system with

certain intelligence that ful�lls certain design intentions. Yet there is still a long way to go

to merge the system seamlessly in the human endeavours of design and creation, and some

limitations are identi�ed.

First, the developed system utilizes a subtractive strategy for the sculpting process that

assumes the clay to be rigid. �is assumption works well when sculpting thick areas, but may

cause imprecise results due to material deformation at thin sculpted areas (e.g. the nose area
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in the face model).

Second, limited by both material properties and the optimization framework, this project

only touches the sculpting styles in the manner of stroke density and directions for selected

sub-areas, while many other possibilities exist for “artistic expressions”.

�ird, the current system can only predict the sculpted geometry a�er running the toolpath

optimization. As the optimization process is computationally demanding, the current pipeline

cannot present a predicted representation of the �nal appearance to the users instantly.

Fourth, compared to human artists who conduct a combination of various modelling

techniques during an entire sculpting process (additive, subtractive, formative), the system

only utilizes the subtractive process, using one type of tools. While combining both additive

and subtractive techniques in the fabrication process is not di�cult, predicting the material

behaviour under formative processes (modelling, pushing) to ful�ll the optimization tasks will

require a simulation component, additional to the need mentioned in the �rst point above.

Fi�h, this project developed an interactive GUI for non-expert users to design sculpting

styles for the clay material. However, similar robotic processes that involve interaction with

geometries have more applications, such as foam wire cu�ing and wax cu�ing, where the

user group may also extend to experts. Instead of asking these users to incorporate the new

tools into their work process, parallel alternatives for doing the same task could be provided

to gain be�er popularity. As the project decoupled the Decomposition & Initialization and the

Optimization components, migrating the former into existing CAD so�ware (for instance,

Rhinoceros) as plugins and keeping the optimization (currently wri�en in C++) as it is for

computation e�ciency is feasible. Possible future work is discussed in Section 6.3.4.

5.9 Contributions

Due to the interdisciplinary nature of this dissertation Section 1.3.2, this project was conducted

under the collaboration between Gramazio Kohler Research (GKR) and Computational Robotics
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Lab (CRL) under the supervision of Prof. Dr. Stelian Coros, Prof. Ma�hias Kohler and Prof.

Fabio Gramazio, with additional support from Disney Research (DR).

Section 5.6 is mainly based on the work of Simon Duenser (CRL), the second author of the

published paper Ma, Duenser, et al. (2020) related to this chapter. Dr. Espen Knoop (DR) built

the turntable and manufactured the end e�ector used in this project.

Dr. Christian Schumacher (DR), Dr. Romana Rust (GKR) and Dr. Moritz Bächer (DR) were

involved throughout the project and provided valuable feedback during the development.
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Conclusion

To build a future, you have to know the past.

— Otto Frank
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6.1 Summary

In this dissertation, it has been argued that optimization-based approaches can facilitate the

robotic fabrication processes of complex tasks that are di�cult and constrained to conduct in

the current architectural research domain. Based on the realization of the two complementary

projects embedded in this speci�c context, it has been demonstrated that with careful abstrac-

tion of the physical world into mathematical formulations, as well as the identi�cation of

the constraints in either local or global level, computational optimizations are able to resolve

complex robotic fabrication problems with various types of constraints simultaneously and in

a integrated way.

�e challenges emerging from the development of the projects identify several key areas for

investigation: geometric processing and modelling, material simulation for robotic fabrication,

decomposition and reassembly for fabrication across scales, and design-to-fabrication pipelines.

Addressing these aspects, this dissertation proposes solutions for these topics in the two speci�c

projects, as well as the generalization of some solutions for similar tasks.

�is chapter summarizes the key contributions and �ndings arising from both projects

and provides cross-topic conclusions and guidelines for future work.

6.2 Contributions

6.2.1 Optimization-Enhanced Integrated Design and Robotic Fabrication

Process

For both of Project I: FrameForm and Project II: RobotSculptor, a complete pipeline consisting of

an integrated design to robotic fabrication process was developed, helping to ful�l the suc-

cessful fabrication with designate fabrication technologies. With optimization as an essential

component, the systems in both projects were able to resolve constraints that emerged from a

fabrication process in an integrated way.
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For Project I, the developed system supported the construction of metal frames from input

shapes of moderate curvature and complexity. �e design component took the fabrication

technology embedded in the robot end e�ector into consideration, and created designs consid-

ering the topology constraints of the frame geometries. �e optimization component then

managed to resolve the topology constraints simultaneously, as well as others extracted from

structural properties, material properties, etc., to produce results that can be used by the

robot for successful fabrication tasks. �e results are usually not easy to obtain without the

optimization component.

As for Project II, the system supported the robotic sculpting of clay material with user-

customized styles. �e design component in this project allowed the user to design “sculpting

styles” for di�erent areas of a given model, while the optimization component planned the robot

trajectories by simultaneously maintaining the design of the user and resolving constraints

emerged from the fabrication process.

While the optimization components are tailored for speci�c purposes in each of the two

projects, the conceptual framework can be applied universally. By formulating complex

fabrication tasks into optimization problems in a mathematical way, the optimization-based

approaches o�er great potential to increase the geometric complexity of the fabricated objects

and the number or variety of constraint types that a common robotic fabrication system can

manage, and can usually resolve these issues in a more systematic and integrated manner.

6.2.2 Divide-and-Conquer Strategy to Increase Design Diversity

For both of the projects developed in this dissertation, the divide-and-conquer strategy was

employed in the design stages for di�erent purposes.

Since the �nal frame structure in Project I is usually larger than the reachability of the

fabrication system, the introduction of the divide-and-conquer strategy assists to decompose

the overall geometry into smaller fabricable pieces, to design, optimize and fabricate each of
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the pieces independently with the consideration of the joining area. �e fabricated pieces

are then combined a�er the fabrication to form the global structure completely. Additionally,

the divide-and-conquer strategy also decreases the time cost for the optimization stage, as the

relationship between the objectives is nonlinear to the number of variables.

For Project II, on the other hand, though the employment of the design-and-conquer strategy

increased the reachability of the fabrication system to some extent (by allowing the robot to

fabricate each sub-piece in an individual turntable position), the main goal for introducing

this approach is to increase the variety of styles that a user can design, thus to increase the

expressiveness of the overall sculpture.

Again, while the divide-and-conquer strategy is employed di�erently in each of the two

projects, the conceptual framework applies to general design tasks in a similar manner—it

allows the treatment to the sub-elements of an overall object to be conducted separately, and

thus provides design diversity at a global scale.

6.2.3 Geometry Processing and Data Transformation

As mentioned in Section 2.1, the two projects developed in this dissertation intensively use

geometry processing methods from the CG �eld that apply on triangle meshes. While designers

and researchers in architecture rarely use the triangle-based mesh representation, the work of

this dissertation provides interoperability between the two �elds.

Project I is mainly developed in the CG context, except for the design of the initial geometry,

which is conducted in the architectural CAD so�ware Rhino. �e geometry transfer was one-

directional as it is exported to the main system using triangle mesh as the intermediate data

format.

Project II, on the other hand, employs a bi-directional transformation of the geometric data.

Besides using triangle mesh data as the intermediate data format, the project also develops a

set of Grasshopper plugin components that manages to call functions and algorithms wri�en
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in C++ code in the C# environment. �ese components can be used together with other

Grasshopper plugins for geometry processing and help to transfer data between the two

systems through the use of WebSockets. A more detailed description of the implementation

can be found in AppendixB.2 and AppendixB.1.

While the main development of geometry processing happened in the CG �eld, tools and

libraries for these tasks are mostly wri�en in C++ for performance reasons and disciplinary

conventions. As the language is not user-friendly for people without su�cient skills, many

of them are not exposed to researchers outside the CG �eld, and re-implementing the cor-

responding algorithms in other languages like Python brings additional cost with reduced

performance. �e tools for geometry processing and data transformation developed in this

dissertation, though initialized for the author’s own use to enjoy the high performance of

geometry processing algorithms wri�en in C++, pose promising direction to allow Grasshopper

users to access the vast amount of geometry processing algorithms available in the CG �eld

with ease.

6.3 Future Work

Optimization-based methods for robotic fabrication with multi-axis robot arms o�er a wealth

of possibilities for future work. While this dissertation presented two projects with di�erent

characteristics in the hardware setup and of di�erent scale in the �nal results, only a small

portion of the possibilities that optimization-based methods may assist has been touched, and

more are likely to explore in the future. Many exciting questions are still le� open for future

work.

6.3.1 Simulation for the Robotic Fabrication

To formulate an optimization process that aims to resolve a robotic fabrication problem, the

simulation of the fabrication process is necessary. �is includes the simulation of both the
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fabrication process and the prediction of the fabricated artefacts during fabrication. Depending

on the material that the robot interacts with, true material simulation may sometimes be

impossible due to the computation cost, and a reduced macro model has to be used as a

compensation between precision and speed during an optimization process.

As Project I uses steel bars as the target material, whose material model is well established,

a precise simulation in the project’s use case is possible and thus implemented, which supports

the precise prediction of the material behaviour for the target object during the optimization

process.

However, a precise simulation of the clay used Project II is not worthwhile due to the

computation cost for the complex material property. �e project thus employs a geometric-

based approach (geometric Boolean operations) to simulate the fabricated artefacts during the

optimization process without considering the true material behaviour. �ough this decision

serves the main purpose of the project, investigations on methods that incorporate true material

simulation during the optimization with acceptable computation cost are still meaningful

for be�er prediction of the optimization results. It would contribute to controlling small

portions of le�over materials caused by the material deformation, and the visual intensity of

the sculpting styles.

Furthermore, While the choice of the simulation method for fabrication process is project-

dependent, material simulation for material operations with large deformation (non-linear

material) or formative material (e. g. clay) is always worth exploring for fabrication simulation.

As long as the computation cost is acceptable, these improvements will always contribute to

the quality and precision of the optimization results.

6.3.2 Optimization Facilitated Design and Robotic Fabrication

Since this dissertation intensively employs optimization approaches to facilitate the design-to-

fabrication process, one of the global goals is to consider the robotic fabrication already in the
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design stage rather than just before production.

�rough the two projects, it is shown that the combination of initialization and optimization

establishes a general conceptual method that facilitates the convergence of an initial design

to a similar, but fabricable design. To be speci�c, Project I allows the user to generate frame

structures with choices of density, decomposition, etc. and Project II allows the user to design

speci�c sculpting styles over a target model. None of the initial designs are guaranteed to be

fabricable, until the optimization components resolve the constraints.

Future work shall stress both parts, by providing more freedom on the design side and

improving the ability to handle more complex constraints on the optimization side. For Project

I, the research only avoided local robot-structure collisions and assumed the input to be

self-intersection free. Further improvements could extend the current technique to handle

global collisions. For Project II, the research only touches the sculpting styles in the manner of

stroke density and directions for selected sub-areas, while many other possibilities exist for

surface treatment to demonstrate the artistic expression. Further developments could focus

on providing di�erent initialization strategies to enlarge our toolpath generation library to

support more styles, and enrich the optimization component accordingly.

In a more general context, the author expects a picture that paints, in the not-too-distant

future, an ideal robotic system not only as a robotic extension of human hands, but also a

system with intelligence that helps to ful�l design intentions and overcomes design limitations.

6.3.3 Optimization Algorithm for Design-Oriented Tasks

Due to the speci�c character of the problem de�ned in the two projects, only continuous-based

methods are explored in this thesis. However, a larger body of work using sampling-based

methods exists for motion planning (Şucan, Moll, and Kavraki 2012). In many circumstances,

especially with large-scale data and uneven data space where many local minima occur,

sampling-based methods may provide be�er results in even shorter time. Research on the
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employment of optimization algorithms for design-oriented targets is a direction with high

potentials for design explorations and uncertainty-based solution �ndings.

�ough not always achievable, instant or near-instant feedback from the optimization

is always favourable for research exploration as it will greatly increase the iterative design-

optimization cycle. However, it depends largely on the problem scale, optimization type,

and other mathematical characteristics and may not be possible by performance increase.

Nonetheless, faster optimization should always be remembered when developing optimization-

based systems.

6.3.4 Design Interactivity in Optimization-based Design Processes

While optimization-based approaches truly improve the range of tasks that robotic fabrica-

tion can conduct, they also break the desired interaction with instant feedback due to the

computation cost. For designers, instant feedback of the designed results weighs very high

in their design process. �ough achieving interactivity and precision simultaneously for any

project might not be possible, speci�c projects may prefer di�erent solutions depending on

the weights of the interactivity and precision.

For Project I, the interactivity happens mostly in the design stage for decomposition and

initialization. �e optimization produces results that are close to the original geometry in

shape, and topologically di�erent to the initialized frame structures. While the optimization

takes long, the initialized frame structure already depicts the �nal results relatively close. �us,

the interactivity is preserved well for the design process in this project, as the instant feedback

is provided through the whole design process and the intermediate results before feeding into

the optimization are visually close to the �nal results coming out of the optimization process

except for the structural topology1.

Unlike Project I where structural stability serves as the main objective, Project II seeks

for sculpting styles, a visual feature that depends on both the material behaviour and the
1Structural topology has to be obtained from the optimization
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way robot sculpts. Due to the method that the robot-material interaction is modelled, the

instant feedback of the sculpted results is not provided. �ough the developed GUI provides

interactivity through the design stage of the sculpting styles for non-expert users, the missing

link between the designed styles and a visualization of the fabricated result is still unfortunate.

Future work shall look for solutions that can approximate the sculpting results with instant

feedback. Further investigation of replacing the modelling of the robot by direct modelling of

Boolean operations between the path geometry and the target geometry is necessary.

Additionally, as mentioned in Section 5.8, plugins for other CAD so�ware as parallel

alternatives of the independent GUI can be provided in a general context. �is will help newly

developed fabrication processes to gain be�er popularity in existing design �elds.
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AppendixA

Tool Iteration for Project II

A.1 Design Iteration for the Customized Loop Tool

A conventional loop tool (Figure 5.3) for sculpting clay consists of a handle and a planar

“loop”, which is bent from a piece of steel wire or from a piece of thin, narrow metal strip

into rectangular, triangular, or circular pro�les to ful�ll di�erent cu�ing needs (size, angle,

texture e�ects, level of detail, etc.). While the sculptor uses his/her hands or the plate tools

for the modelling (additive) and formative process, such loop tools are usually used for the

subtractive process—cu�ing a strip of clay o� by moving the tool along a desired direction.

�us, the design of the robot end e�ector initiates from a similar concept, as shown in

Figure A.1.

�e designed tool is composed of two main functional parts: a metal handle with a 3D-

printed plastic base that helps to connect to the UR5, and a replaceable wire “loop”, made of

steel, that can be a�ached to the end of the metal handle. �us, a sculpting process can be

conducted by controlling the robot arm to manoeuvre the loop follow desired toolpaths. �e

metal handle is composed of a standard aluminium 40 mm T-slot pro�le and two customised

aluminium plates, connected with BN-610 M2 hex socket head cap screws. By changing the

wire loops, fabrication experiments of various scales can be conducted with the same tool set.
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Figure A.1: �e initial design of the loop tool.

Figure A.2 shows various designs of the replaceable “loops”. To remove the inaccuracy

caused by manual bending process and material elasticity, this project employs the D.I.Wire Pro

(Pensa Labs n.d.) desktop bender for fabricating complex-shaped 2D steel wires (Figure A.2).

�e programmable bender allows customized bending commands in G-code, and can fabricate

physical wire pieces that match the digital inputs a�er calibration due to the material elasticity.

Figure A.2: �e D.I.Wire Pro desktop bender and the bent loops with di�erent pro�les.

Handle Update While the designed tool ful�ls some of the needs as expected during the

conducted experiments described in Section 5.4.1, collisions between the handle and the clay

material are o�en observed. �ough the shape of the target geometry is one of the causes, the
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relative size of the metal handle to the wire is also one important factor. Shown in Figure A.3,

the extra part of the handle outside the extension of the wire loop’s pro�le o�en prevents the

tool from cu�ing in an inclined position.

Figure A.3: Tool-target collisions observed in various sculpting paths.

Hence, an upgrade of the metal handle was conducted by replacing the original T-slot

metal handle with a slimmer metal piece. �e dimension of the square cross-sectional area was

reduced from 40 mm to 10 mm. �e wires were adjusted accordingly, guaranteeing the pro�le

of the connecting section is aligned with the side face of the handle. �e plastic base that

connects the metal handle and the robot arm was also updated accordingly, adding positions

for an additional screw so as to get be�er stability. �e new tool is shown in Figure A.4.

Figure A.4: �e upgraded version of the customized loop tool.

A.1.1 Design Iterations for the Turntable

Prototype Design Two initial prototypes were quickly built and iterated with standard

aluminium T-slot pro�les and laser cut 2 mm MDF boards. �e �rst prototype (Figure A.5)
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contains no rotating parts and requires manual alignments to the additional reference (the

temporary plywood) to allow four 90° positions.

Figure A.5: �e �rst iteration of the turntable prototype.

A 3D model which was unable to fabricate before turned fabricable, was fabricated as a

proof of concept under the this setup (Figure A.6). During this fabrication task, the model was

4 times rotated by 90° for the corresponding robotic toolpaths.

Figure A.6: �e proof-of-concept model fabricated with the turntable prototype.

As the fabricated results showed successful improvements of the accessible workspace

of the robotic system, the current prototype of the turntable was far from a “turnable table”

and required accurate manual alignment during the fabrication process. �is o�en results in
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surface imperfection at the connecting seams of two sub-areas on the same surface fabricated

from two turntable positions. �us, an improved version of the turntable was then built with

a turnable component (Figure A.7) that eliminates the required tedious alignment procedure.

While this prototype still allows only four di�erent turntable positions, it paves the road to

the �nal design of the turntable.

Figure A.7: �e second iteration of the turntable prototype.

Enhanced Design A customized turntable controlled by an Arduino Uno was built a�er the

prototyping stage. With the help of the gear system, the motor can now rotate the table in

both directions with 1.8° resolution, and acts as the 7th axis of the robot during optimization

and fabrication phase (Figure A.8). Notice that the initial version of this Arduino-controlled

turntable uses a thin sha� and causes undesired vibration when the sculpting tool interacts

with the model. An upgraded version with thicker support is then developed, helping to keep

the model stable during sculpting and rotating stages.
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Figure A.8: Two iterations of the Arduino-controlled turntable design. �e initial design (le�)
uses a thin aluminium sha� to support the table plate and causes undesired vibration
during the sculpting process. �e �nal design (right) employs a thicker 3D printed
plastic support to stabilize the whole table.
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Technical Details for Programming

Implementation

B.1 WebSocket Communication between Grasshopper and

C++ Environment

Due to the compilation nature of the C++ language, using native C++ libraries for geometry

processing breaks the instant feedback that designers usually prefer. Additionally, using these

libraries directly with any process of geometry modelling in CAD so�ware like Rhino is almost

impossible. �us, the author developed a communication approach that uses Websocket to

open a two-way communication channel and integrate the algorithms available in the libigl (a

library wri�en in C++) into the geometry processing pipeline the Grasshopper platform inside

Rhino.

As the connection established by the Websocket approach requires a server side and a client

side, this approach will run an online program wri�en in C++ in the background as the server

side. �e program keeps listening to a shared port for incoming data. Once the geometry data

comes, the program will execute the function and send the processed data back to the source

(client side).
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On the Grasshopper (client) side, geometry data can be sent through the shared port using

any plugin that has the Websocket communication functionality. �e processed data is collected

from the server side for visualization and post-processing. Data transmission is conducted

through a common json format.

A diagram of the processing pipeline is given below:

Figure B.1: �e pipeline of integrating C++ code Grasshopper platform by usingWebsocket
communication.

�e Websocket approach (Figure B.2) provides a fast and relatively easy way to call C++

function for geometry processing. However, the framework requires the researcher to develop

ad hoc codes during the development, and the external program needs to be running constantly

in the background. �e program sometimes needs to be restarted depending on the size of the

data transmi�ed through the port, and processing time.

From the author’s experience, though this approach provides an interactive geometry

processing pipeline in the Grasshopper platform a�er the C++ program is running, it suits

be�er for ad hoc use and testing of the C++ functions for research purposes, and is not a stable

solution for permanent use.

B.2 Grasshopper Components for Geometry Processing

Unlike the approach described in Section B.1, the approach described in this section provides

an independent solution of using native C++ �les inside the Grasshopper platform.

Grasshopper components are wri�en in C# language, with APIs provided by the McNeel

company. As code wri�en in C# are “managed code”, and code wri�en in C++ are “unmanaged
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Figure B.2: �e pipeline of integrating C++ code Grasshopper platform by writing
Grasshopper component.

code”1, additional steps are required to call the function wri�en in C++ in a C# environment, so

that the compiled Grasshopper component can provide the same functionality as the original

C++ function.

As shown in Figure B.2, a C++ function is �rst compiled into a “dll” (Dynamic-link library)

�le, which can be imported into a C#, an exemplary code snippet is shown below:

Listing B.1: DllImport Example

public static class CallingCppFuncInCSharp

{

private const string DllFilePath = @"func.dll";

[DllImport(DllFilePath , CallingConvention = CallingConvention.Cdecl)]

private extern static int cSharpFunc(Type x);

public static int cSharpFunc(Type x)

{

return iglFunc(x);

}

}

1For di�erence between “managed code” and “unmanaged code”, please refer to the Microso� document for
details. It is not the purpose for this appendix to provide explanation to these technical concepts in the computer
science �elds.
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Once the code can be called in a C# environment, a Grasshopper Library Program can be created

using the So�ware Development Kit provided by the McNeel company2. Once the conversion

pipeline of di�erent data types among di�erent languages is completed, a Grasshopper plugin

can be compiled, and loaded into the Grasshopper platform.

Compared to the Websocket approach, this approach requires more e�ort for the imple-

mentation, but provides a native and smooth way of using C++ functions in the Grasshopper

platform, and requires no other programming running in the background.

From the author’s experience, this approach suits be�er for mature geometry processing

pipelines and can be combined with the Websocket approach so that a C++ function is �rst

tested through the Websocket approach, and then implemented into a Grasshopper component

solution for permanent use. Once a considerate amount of functions is implemented, the

component set can even be published as an independent Grasshopper library.

B.3 Key C++ Library Used in the Dissertation

Below is a table for the key C++ libraries used in the development of the two complimentary

projects in this dissertation.

2�e company that made Rhino and Grasshopper.
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Table B.1: Main C++ libraries used in the Dissertation

libigl A simple C++ geometry processing library.
Eigen A computer programming library for matrix

and linear algebra operations.
Qt5 A free, cross-platform and open-source wid-

get toolkit for creating graphical user inter-
faces.

WebSocket++ A header only C++ library that implements
RFC6455 �e WebSocket Protocol.

Dear ImGui A bloat-free graphical user interface library
for C++.

spdlog A very fast, header-only/compiled, C++ log-
ging library.

nlohmann-json JSON for Modern C++.
suitesparse A suite for sparse matrix algebra library.
Artelys Knitro An library solving large scale nonlinear

mathematical optimization problems.





Glossary

ADRL Agile and Dexterous Robotics Lab

AEC Architecture, Engineering and Construction

BFGS Broyden–Fletcher–Goldfarb–Shanno

BREP Boundary Representation

C++ the C++ programming language

CAD Computer-Aided Design

CAM Computer-Aided Manufacturing

CG Computer Graphics

CRL Computational Robotics Lab

CSG Constructive Solid Geometry

DOF degrees of freedom

GKR Gramazio Kohler Research

GUI Graphic User Interface

ICD Institute for Computational Design and Construction

NURBS Non-Uniform Rational B-Splines

UR5 Universal Robot with 5kg payload
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